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Abstract. In the paper we review some recent results of the theory of hierarchies
of quantum evolution equations.
The evolution of infinite-particle quantum systems is described within the framework
of the evolution of states by the quantum BBGKY hierarchy for marginal density
operators or within the framework of an equivalent approach in terms of the marginal
observables by the dual quantum BBGKY hierarchy. The nonperturbative solutions
of the Cauchy problem of the dual quantum BBGKY hierarchy and the quantum
BBGKY hierarchy are constructed.
The origin of the microscopic description of non-equilibrium quantum correlations
is considered. It consists in one more approach to the description of the evolution
of states of quantum many-particle systems by means of correlation operators. The
correlation operators and the marginal correlation operators are governed by the
von Neumann hierarchy and the quantum nonlinear BBGKY hierarchy respectively.
The nonperturbative solutions of the Cauchy problem of both these hierarchies are
constructed.
We develop also an approach to a description of the evolution of states by means
of the quantum kinetic equations. For initial states which are specified in terms of
a one-particle density operator the equivalence of the description of the evolution
of quantum many-particle states by the Cauchy problem of the quantum BBGKY
hierarchy and by the Cauchy problem of the generalized quantum kinetic equation
together with a sequence of explicitly defined functionals of a solution of stated
kinetic equation is established. The relationships of the specific quantum kinetic
equations with the generalized quantum kinetic equation are discussed.
In conclusion the mean field asymptotic behavior of stated hierarchy solutions are
established. The constructed asymptotics are governed by the quantum Vlasov hier-
archy for limit states, the nonlinear quantum Vlasov hierarchy for limit correlations
and the dual quantum Vlasov hierarchy for limit observables respectively.
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1 Introduction: motivations and results
Experimental advances in the Bose condensation of atomic gases and in the strong correlated
Fermi systems have stimulated interesting problems in the theory of evolution equations of
quantum many-particle systems. Among them it is a description of collective behavior of
interacting particles by quantum kinetic equations, i.e. the evolution equations for a one-
particle marginal density operator [1,2]. The rigorous derivation of quantum kinetic equations
is a very trendy subject nowadays, and the number of publications devoted to it has grown
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last decade. In particular the considerable progress in the rigorous derivation of the nonlinear
Schro¨dinger equation and the Gross-Pitaevskii equation for the Bose condensate [8–19] in mean
field scaling limit as well as the quantum Boltzmann equation [20, 21] is observed. Owing to
the intrinsic complexity and richness of this problem, first of all it is necessary to develop
an adequate mathematical theory of evolution equations of quantum many-particle systems
underlying of kinetic equations.
In this review we expound the foundation of the theory of quantum evolution equations of
statistical mechanics. We construct nonperturbative solutions of the Cauchy problem of the
quantum BBGKY hierarchy for marginal density operators and the dual quantum BBGKY
hierarchy for marginal observables on appropriate Banach spaces. On basis of obtained results
the origin of the microscopic description of non-equilibrium quantum correlations is considered.
In particular, the nonperturbative solutions of the Cauchy problem of the von Neumann hi-
erarchy for correlation operators and the nonlinear quantum BBGKY hierarchy for marginal
correlation operators are constructed. We develop also one more approach to the description of
the evolution of quantum many-particle systems by means of the quantum kinetic equations.
For initial states which are specified in terms of a one-particle density operator the equivalence
of the description of the evolution of quantum infinite-particle states by the Cauchy problem
of the quantum BBGKY hierarchy and by the Cauchy problem of the generalized quantum
kinetic equation is established. We also describe the mean field scaling asymptotic behavior of
nonperturbative solutions of hierarchies of quantum evolution equations under consideration.
We outline the structure of the paper and the main results. In introductory section 2 we
set forth the traditional approach to the description of the evolution of quantum many-particle
systems. It is well known that a description of quantum many-particle systems is formulated
in terms of two sets of objects: observables and states. The functional of the mean value of
observables defines a duality between observables and states and as a consequence there exist
two equivalent approaches to the description of the evolution, namely in terms of the evolution
equations for observables (the Heisenberg equation) and for states (the von Neumann equation).
We adduce some preliminary facts about dynamics of finitely many quantum particles described
by these evolution equations within the framework of nonequilibrium grand canonical ensemble.
In section 3 one more an equivalent approach to the description of the evolution of states
of quantum many-particle systems is given by means of operators which are interpreted as
correlation operators. To justify the von Neumann hierarchy for correlation operators, at
first we consider in detail the motivation of the introduction of correlation operators to the
description of states or in other words, the origin of the microscopic description of correlations
in quantum many-particle systems is considered.
In section 4 for the description of the evolution of infinite-particle quantum systems we
introduce the hierarchies of evolution equations for the marginal observables, density operators
and correlation operators. They are derived as the evolution equations for one more but an
equivalent method of the description of states and observables of finitely many particles. The
nonperturbative solutions of the Cauchy problem of the dual quantum BBGKY hierarchy for
the marginal observables, the quantum BBGKY hierarchy for marginal density operators and
the nonlinear quantum BBGKY hierarchy for marginal correlation operators are constructed
as an expansion over particle clusters which evolution is governed by the corresponding-order
cumulant (semi-invariant) of the groups of operators of the Heisenberg equations, the von
Neumann equations and the von Neumann hierarchy of finitely many particles respectively.
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In section 5 we develop an approach to a description of the evolution of states by means of
the quantum kinetic equations. For initial states which are specified in terms of a one-particle
density operator the equivalence of the description of the evolution of quantum many-particle
states by the Cauchy problem of the quantum BBGKY hierarchy and by the Cauchy problem
of the generalized quantum kinetic equation together with a sequence of explicitly defined
correlation functionals of a solution of stated quantum kinetic equation is established. The
relationship of the generalized quantum kinetic equation with the specific quantum kinetic
equations is discussed.
In section 6 the mean field (self-consistent field) asymptotic behavior of constructed above so-
lutions of the quantum hierarchies and the generalized quantum kinetic equation is established.
In particular, the quantum Vlasov hierarchy for limit states, the nonlinear quantum Vlasov
hierarchy for limit correlations and the dual quantum Vlasov hierarchy for limit observables
are rigorously derived.
Finally in section 7 we conclude with some observations and perspectives for future research.
2 On evolution equations of quantum many-particle sys-
tems
It is well known that a description of quantum many-particle systems is formulated in terms
of two sets of objects: observables and states. The functional of the mean value of observables
defines a duality between observables and states and as a consequence there exist two approaches
to the description of the evolution, namely in terms of the evolution equations for observables
(the Heisenberg equation) and for states (the von Neumann equation). In this section we
adduce some preliminary facts about dynamics of finitely many quantum particles described
within the framework of nonequilibrium grand canonical ensemble.
2.1 Preliminaries
We consider a quantum system of a non-fixed, i.e. arbitrary but finite, number of identical
(spinless) particles (nonequilibrium grand canonical ensemble) obeying the Maxwell-Boltzmann
statistics in the space Rν . We will use units where h = 2π~ = 1 is a Planck constant, and
m = 1 is the mass of particles.
LetH be a one-particle Hilbert space, then the n-particle spaceHn, is the tensor product of n
Hilbert spaces H. We adopt the usual convention that H⊗0 = C. We denote by FH =
⊕∞
n=0Hn
the Fock space over the Hilbert space H.
Let a sequence g = (g0, g1, . . . , gn, . . .) be an infinite sequence of self-adjoint bounded op-
erators defined on the Fock space FH and g0 ∈ C. The operator gn defined on the n-particle
Hilbert space Hn = H⊗n will be denoted by gn(1, . . . , n). Let the space L(FH) be the space of
sequences g = (g0, g1, . . . , gn, . . .) of bounded operators gn defined on the Hilbert space Hn that
satisfy symmetry condition: gn(1, . . . , n) = gn(i1, . . . , in), for arbitrary (i1, . . . , in) ∈ (1, . . . , n),
equipped with the operator norm ‖.‖L(Hn) [5]. We will also consider a more general space
Lγ(FH) with a norm ∥∥g∥∥
Lγ(FH)
.
= max
n≥0
γn
n!
∥∥gn∥∥L(Hn),
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where 0 < γ < 1. We denote by Lγ,0(FH) ⊂ Lγ(FH) the everywhere dense set of finite
sequences of degenerate operators with infinitely differentiable kernels with compact supports.
Observables of finitely many quantum particles are sequences of self-adjoint operators from the
space Lγ(FH) [5].
Let L1(FH) =
⊕∞
n=0L
1(Hn) be the space of sequences f = (f0, f1, . . . , fn, . . .) of trace class
operators fn = fn(1, . . . , n) ∈ L1(Hn) and f0 ∈ C, satisfying the mentioned above symmetry
condition, equipped with the trace norm
∥∥f∥∥
L1(FH)
=
∞∑
n=0
∥∥fn∥∥L1(Hn) .=
∞∑
n=0
Tr1,...,n|fn(1, . . . , n)|,
where Tr1,...,n is the partial trace over 1, . . . , n particles. The everywhere dense set of finite
sequences of degenerate operators with infinitely differentiable kernels with compact supports
from the space L1(FH) we denote by L10(FH). The sequences of self-adjoint operators fn ∈
L1(Hn), n ≥ 1, which kernels are known as density matrices, defined on the n-particle Hilbert
space Hn = L
2(Rνn), describe states of a quantum system of non-fixed number of particles.
The space L(FH) is dual to the space L1(FH) with respect to the bilinear form
(g, f)
.
=
∞∑
n=0
1
n!
Tr1,...,n gnfn, (1)
where gn ∈ L(Hn) and fn ∈ L1(Hn). The range of positive continuous linear functional (1) on
the space of observables L(FH) is interpreted as the mean values (averages) of observables.
The Bose-Einstein and Fermi-Dirac statistics endow observables and states with additional
symmetry properties [6] in comparison with the Maxwell-Boltzmann statistics. Let H be a
one-particle Hilbert space, then the n-particle spaces H±n , are correspondingly symmetric and
antisymmetric tensor products of n Hilbert spaces H that are associated with n-particle systems
of bosons and fermions [6]. We denote by F±H =
⊕∞
n=0H
±
n the Bose and Fermi Fock spaces over
the Hilbert space H respectively.
The symmetrization operator S+n and the anti-symmetrization operator S
−
n on H
⊗n are
defined by the formula
S±n
.
=
1
n!
∑
πǫSn
(±1)|π|pπ, (2)
where the operator pπ is a transposition operator of the permutation π from the permutation
group Sn of the set (1, . . . , n) and |π| denotes the number of transpositions in the permutation
π. The operators S±n are orthogonal projectors, i.e. (S
±
n )
2 = S±n , ranges of which are corre-
spondingly the symmetric tensor product H+n and the antisymmetric tensor product H
−
n of n
Hilbert spaces H.
2.2 The Heisenberg equation: the evolution of observables
The Hamiltonian Hn of n-particle system is a self-adjoint operator with the domain D(Hn) ⊂
Hn
Hn =
n∑
i=1
K(i) +
n∑
i1<i2=1
Φ(i1, i2), (3)
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where K(i) is the operator of a kinetic energy of the i particle and Φ(i1, i2) is the opera-
tor of a two-body interaction potential. The operator K(i) acts on functions ψn that be-
long to the subspace L20(R
νn) ⊂ D(Hn) ⊂ L
2(Rνn) of infinitely differentiable functions with
compact supports according to the formula: K(i)ψn = −
1
2
∆qiψn. Correspondingly we have:
Φ(i1, i2)ψn = Φ(qi1 , qi2)ψn, and we assume that the function Φ(qi1 , qi2) is symmetric with respect
to permutations of its arguments, translation-invariant and bounded function.
The evolution of observables A(t) = (A0, A1(t, 1), . . . , An(t, 1, . . . , n), . . .) is described by the
initial-value problem of a sequence of the Heisenberg equations [4, 5]
d
dt
A(t) = NA(t), (4)
A(t)|t=0 = A(0), (5)
where A(0) = (A0, A
0
1(1), . . . , A
0
n(1, . . . , n), . . .) ∈ L(FH), if g ∈ D(N ) ⊂ L(FH), the generator
N =
⊕∞
n=0Nn is defined by the formula
Nn gn
.
= −i(gnHn −Hngn), (6)
and Hn is the Hamiltonian (3).
To determine a solution of the Cauchy problem (4)-(5) we introduce on the space L(FH) the
following one-parameter family of operators G(t) = ⊕∞n=0Gn(t):
Gn(t)gn
.
= eitHngne
−itHn . (7)
On the space Lγ(FH) the one-parameter mapping R1 ∋ t 7→ G(t)g defines an isometric ∗-
weak continuous group of operators, i.e. it is a C∗0 -group [5, 6]. The infinitesimal generator
N =
⊕∞
n=0 Nn of this group of operators is a closed operator for the ∗-weak topology and on
its domain of definition D(Nn) ⊂ L(Hn) which is everywhere dense for the ∗-weak topology,
Nn is defined as follows in the sense of the ∗-weak convergence of the space L(Hn)
w∗− lim
t→0
1
t
(Gn(t)gn − gn) = −i(gnHn −Hngn), (8)
where the operator Nngn = −i(gnHn −Hngn) is defined on the domain D(Hn) ⊂ Hn.
The group of operators (7) preserves the self-adjointness of operators and the canonical
commutation relations which are determined the physical meaning of operators characterizing
particles and the structure of generator (6) of the Heisenberg equation (4).
On the space Lγ(FH) for initial-value problem (4)-(5) the following statement holds.
Theorem 1. A unique solution of initial-value problem (4)-(5) of the Heisenberg equation is
determined by the formula
A(t) = G(t)A(0), (9)
where the one-parameter family {G(t)}t∈R of operators is defined by expression (7). For A(0) ∈
D(N ) ⊂ Lγ(FH), operator (9) is a classical solution and for arbitrary initial data A(0) ∈
Lγ(FH), it is a generalized solution.
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The average values of observables (mean values of observables) are defined by the positive
continuous linear functional on the space L(FH)
〈A〉(t) = (A(t), D(0))
.
= (I,D(0))−1
∞∑
n=0
1
n!
Tr1,...,nAn(t)D
0
n, (10)
where Tr1,...,n are the partial traces over 1, . . . , n particles, D(0) = (1, D
0
1, . . . , D
0
n, . . .) is a se-
quence of self-adjoint positive density operators defined on the Fock space FH that describes the
states of a quantum system of a non-fixed number of particles and (I,D(0)) =
∑∞
n=0
1
n!
Tr1,...,nD
0
n
is a normalizing factor (the grand canonical partition function). For D(0) ∈ L1(FH) and
A(t) ∈ L(FH) average value functional (10) exists and determines a duality between observ-
ables and states.
We note that in case of a system of fixed number N of particles the observables and states are
one-component sequences A(N)(t) = (0, . . . , 0, AN(t), 0, . . .) and D
(N)(0) = (0, . . . , 0, D0N , 0, . . .),
respectively, and therefore, average value formula (10) reduces to the functional
〈A(N)〉(t) = (Tr1,...,ND
0
N)
−1Tr1,...,NAN(t)D
0
N .
It is usually assumed that the normalizing condition: Tr1,...,ND
0
N = 1, take place.
On the spaces L(H±n ) mapping (7) is defined and have the similar properties as in case of
the Maxwell-Boltzmann statistics stated above.
Symmetrization and anti-symmetrization operators (2) are integrals of motion of the Heisen-
berg equation (4), and as a consequence it holds
Gn(t)S
±
n = S
±
n Gn(t),
and
NnS
±
n = S
±
nNn,
where the operator Nn is defined by (6). Thus, the symmetry of observables is preserved in
process of the evolution.
2.3 The von Neumann equation: the evolution of states
As a consequence of the validity for functional (10) of the following equality
(A(t), D(0)) = (I,D(0))−1
∞∑
n=0
1
n!
Tr1,...,n Gn(t)A
0
nD
0
n =
= (I,G(−t)D(0))−1
∞∑
n=0
1
n!
Tr1,...,nA
0
n Gn(−t)D
0
n ≡ (I,D(t))
−1(A(0), D(t)),
where D(0) = (1, D01(1), . . . , D
0
n(1, . . . , n), . . .) ∈ L
1(FH), it is possible to describe the evolution
within the framework of the evolution of states. Indeed, the evolution of all possible states,
i.e. the sequence D(t) = (1, D1(t, 1), . . . , Dn(t, 1, . . . , n), . . .) ∈ L1(FH) of the density operators
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Dn(t), n ≥ 1, is described by the initial-value problem of a sequence of the von Neumann
equations (the quantum Liouville equations) [3, 4]
d
dt
D(t) = −ND(t), (11)
D(t)|t=0 = D(0). (12)
The generator (−N ) = ⊕∞n=0(−Nn) of the von Neumann equation (11) is the adjoint operator
to generator (6) of the Heisenberg equation (4) in the sense of functional (10), and for f ∈
L10(FH) ⊂ D(N ) ⊂ L
1(FH) it is defined by the formula
(−Nn)fn
.
= −i(Hnfn − fnHn), (13)
where the operator Hn is the Hamiltonian (3).
On the space of sequences of trace class operators L1(FH) for initial-value problem (11)-(12)
the following statement is true.
Theorem 2. A unique solution of initial-value problem (11)-(12) of the von Neumann equation
is determined by the formula
D(t) = G(−t)D(0), (14)
where the one-parameter family of operators G(−t) = ⊕∞n=0Gn(−t), is defined by
Gn(−t)fn
.
= e−itHnfne
itHn . (15)
If D(0) ∈ L10(FH) ⊂ L
1(FH), operator (14) is a strong (classical) solution and for arbitrary
D(0) ∈ L1(FH) it is a weak (generalized) solution.
On the space L1(Hn) the mapping t→ Gn(−t)fn is an isometric strongly continuous group
that preserves positivity and self-adjointness of operators. If fn ∈ L10(Hn) ⊂ D(−Nn), in
the sense of the norm convergence of the space L1(Hn) there exists the limit by which the
infinitesimal generator of the group of evolution operators (15) is determined by
lim
t→0
1
t
(Gn(−t)fn − fn) = −i(Hnfn − fnHn),
where Hn is the Hamiltonian (3) and operator (13) is defined on the domain D(Hn) ⊂ Hn.
On the spaces L1(H±n ) mapping (15) is defined and have the similar properties as in case of
the Maxwell-Boltzmann statistics stated above.
Symmetrization and anti-symmetrization operators (2) are integrals of motion of the von
Neumann equation (11), and as a consequence it holds
Gn(−t)S
±
n = S
±
n Gn(−t),
and
(−Nn)S
±
n = S
±
n (−Nn),
where the operator (−Nn) is defined by formula (13). Thus, the symmetry of states is preserved
in process of the evolution.
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3 The evolution equations for quantum correlations
One more an equivalent approach to the description of the evolution of states of quantum many-
particle systems is given by means of operators which are interpreted as correlation operators.
The correlation operators are governed by the von Neumann [32], [41]. To justify such hierarchy
of quantum evolution equations, at first we consider in detail the motivation of the description
of states within the framework of correlation operators or in other words, we consider the origin
of the microscopic description of correlations in quantum many-particle systems.
3.1 Correlation operators
We introduce a sequence of operators g(t) = (0, g1(t, 1), . . . , gs(t, 1, . . . , s), . . .) ∈ L1(FH) defined
by the cluster expansions of the density operators D(t) = (1, D1(t, 1), . . . , Ds(t, 1, . . . , s), . . .) ∈
L1(FH)
Ds(t, Y ) = gs(t, Y ) +
∑
P : Y =
⋃
iXi,
|P| > 1
∏
Xi⊂P
g|Xi|(t, Xi), s ≥ 1, (16)
where
∑
P:Y=
⋃
iXi, |P|>1
is the sum over all possible partitions P of the set Y ≡ (1, . . . , s) into
|P| > 1 nonempty mutually disjoint subsets Xi ⊂ Y . The operators defined by recursion
relations (16) are interpreted as the correlation operators of quantum many-particle systems,
i.e. operators that characterize the correlations of particle states.
In order to construct a solution of recursion relations (16), i.e. to express the correlation
operators in terms of the density operators, we introduce some notions. On sequences of
operators f, f˜ ∈ L1(FH) we define the ∗-product
(f ∗ f˜)|Y |(Y ) =
∑
Z⊂Y
f|Z|(Z) f˜|Y \Z|(Y \Z), (17)
where
∑
Z⊂Y is the sum over all subsets Z of the set Y ≡ (1, . . . , s). By means of definition (17)
of the ∗-product we introduce the mapping Exp∗ and the inverse mapping Ln∗ on sequences
h = (0, h1(1), . . . , hn(1, . . . , n), . . .) of operators hn ∈ L1(Hn) by the expansions
(Exp∗ h)|Y |(Y ) =
(
I+
∞∑
n=1
h∗n
n!
)
|Y |
(Y ) = (18)
= Iδ|Y |,0 +
∑
P:Y=
⋃
iXi
∏
Xi⊂P
h|Xi|(Xi),
where we use the notations accepted in (16), δ|Y |,0 is a Kronecker symbol, I = (1, 0, . . . , 0, . . .),
and respectively,
(Ln∗(I+ h))|Y |(Y ) =
( ∞∑
n=1
(−1)n−1
h∗n
n
)
|Y |
(Y ) = (19)
=
∑
P:Y=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
h|Xi|(Xi).
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Hence in terms of sequences of operators recursion relations (16) are rewritten in the form
D(t) = Exp∗ g(t), (20)
where D(t) = I+ (0, D1(t, 1), . . . , Dn(t, 1, . . . , n), . . .). From this equation we obtain
g(t) = Ln∗ D(t).
Thus, according to definition (17) of the ∗-product and mapping (19), in the component-wise
form solutions of recursion relations (16) are represented by the expansions
gs(t, Y ) = Ds(t, Y ) +
∑
P : Y =
⋃
iXi,
|P| > 1
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
D|Xi|(t, Xi), s ≥ 1. (21)
The structure of expansions (21) means that the correlation operators have a sense of cumulants
(semi-invariants) of the density operators governed by the Cauchy problem of the von Neumann
equations (11)-(12). Therefore correlation operators (21) give an alternative approach to the
description of the state evolution of quantum many-particle systems, namely within the frame-
work of dynamics of correlations.
We emphasize that the possibility of the description of states within the framework of corre-
lations arises naturally as a result of dividing of the series in expression (10) by the normalizing
factor series, i.e. in consequence of redefining of functional (10).
To justify this proposition, i.e. to construct the mean-value functional in terms of correlation
operators (21), we introduce necessary notions and formulate some equalities. For arbitrary
f = (f0, f1, . . . , fn, . . .) ∈ L1(FH) and Y ≡ (1, . . . , s) we define the linear mapping dY : f →
dY f , by the formula
(dY f)n
.
= f|Y |+n(Y, |Y |+ 1, . . . , |Y |+ n), n ≥ 0. (22)
For the set {Y } consisting of one element Y = (1, . . . , s) we have respectively
(d{Y }f)n
.
= f1+n({Y }, s+ 1, . . . , s+ n), n ≥ 0. (23)
On sequences dY f and dY ′ f˜ we introduce the ∗-product
(dY f ∗ dY ′ f˜)|X|(X)
.
=
∑
Z⊂X
f|Z|+|Y |(Y, Z) f˜|X\Z|+|Y ′|(Y
′, X\Z), (24)
where X, Y, Y ′ are the sets, which elements characterize clusters of particles, and
∑
Z⊂X is the
sum over all subsets Z of the set X . In particular case (Y = ∅, Y ′ = ∅) definition (24) reduces
to (17).
For f = (0, f1, . . . , fn, . . .), fn ∈ L1(Hn), according to definitions of mappings (18) and (23),
the following equality holds
d{Y }Exp∗f = Exp∗f ∗ d{Y }f, (25)
and for mapping (22) correspondingly,
dYExp∗f = Exp∗f ∗
∑
P: Y=
⋃
iXi
dX1f ∗ . . . ∗ dX|P|f, (26)
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where
∑
P:Y=
⋃
iXi
is the sum over all possible partitions P of the set Y ≡ (1, . . . , s) into |P|
nonempty mutually disjoint subsets Xi ⊂ Y .
According to the definition
(I, f)
.
=
∞∑
n=0
1
n!
Tr1,...,nfn,
for sequences f, f˜ ∈ L1(FH), the equality holds
(I, f ∗ f˜) = (I, f)(I, f˜). (27)
In terms of mappings (22) and (23) the generalized cluster expansions of solution (14) of the
von Neumann equation
Ds+n(t, Y, X \ Y ) =
∑
P:({Y },X\Y )=
⋃
iXi
∏
Xi⊂P
g(t, Xi), s ≥ 1, (28)
where X \ Y ≡ (s+ 1, . . . , s+ n), take the form
dYD(t) = d{Y }Exp∗ g(t). (29)
We now deduce from the definition of functional (10) the functional for average values of
observables in terms of correlation operators (21), for example, for s-ary observables A(s) =
(0, . . . , 0, as(1, . . . , s), . . . ,
∑n
i1<...<is=1
as(i1, . . . , is), . . .), i.e.
〈A(s)〉(t) =
1
s!
(I,D(t))−1TrY as(Y )(I, dYD(t)),
where TrY ≡ Tr1,...,s. Using generalized cluster expansions (29) and as a consequence of equal-
ities (25) and (27), we find
(I,D(t))−1(I, dYD(t)) = (I,D(t))
−1(I, d{Y }Exp∗ g(t)) =
= (I,D(t))−1(I,Exp∗g(t) ∗ d{Y }g(t)) = (I,D(t))
−1(I,Exp∗g(t))(I, d{Y }g(t)).
According to generalized cluster expansions (29), as a final result we derive the following rep-
resentation of the mean-value functional in case of s-ary observables
〈A(s)〉(t) =
1
s!
TrY as(Y )(I, d{Y }g(t)),
or in the componentwise form
〈A(s)〉(t) =
1
s!
∞∑
n=0
1
n!
Tr1,...,s+n as(Y )g1+n(t, {Y }, s+ 1, . . . , s+ n), (30)
where the correlation operators of particle clusters g1+n(t) are defined as solutions of generalized
cluster expansions (29), namely
g1+n(t, {Y }, X \ Y ) =
∑
P:({Y }, X\Y )=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
D(t, Xi), s ≥ 1, (31)
where the density operator D(t, Xi) is solution (14) of the von Neumann equation (11). For
A(s) ∈ L(FH) and g(s) ∈ L1(FH) functional (30) exists.
It should be emphasized that correlation operators that belong to the spaces L1(FH) describe
only finitely many particles, i.e. systems with finite average number of particles.
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3.2 The von Neumann hierarchy
We consider quantum systems of particles obeying the Maxwell-Boltzmann statistics with the
Hamiltonian
Hn =
n∑
i=1
K(i) +
n∑
k=1
n∑
i1<...<ik=1
Φ(k)(i1, . . . , ik), (32)
where Φ(k) is a k-body interaction potential. The evolution of all possible states is described in
terms of the correlation operators g(t) = (0, g1(t, 1), . . . , gs(t, 1, . . . , s), . . .) ∈ L
1(FH) governed
by the following Cauchy problem
d
dt
gs(t, Y ) = −Ns(Y )gs(t, Y ) + (33)
+
∑
P : Y =
⋃
iXi,
|P| > 1
∑
Z1 ⊂ X1,
Z1 6= ∅
. . .
∑
Z|P| ⊂ X|P|,
Z|P| 6= ∅
(
−N
(
|P|∑
r=1
|Zr|)
int (Z1, . . . , Z|P|)
) ∏
Xi⊂P
g|Xi|(t, Xi),
gs(t, Y )
∣∣
t=0
= g0s(Y ), s ≥ 1, (34)
where the operator (−N (n)int ) is defined by
(−N (n)int )fn
.
= −i(Φ(n)fn − fnΦ
(n)), (35)∑
P : Y =
⋃
iXi, |P| > 1
is the sum over all possible partitions P of the set Y ≡ (1, . . . , s) into
|P| > 1 nonempty mutually disjoint subsets Xi ⊂ Y and
∑
Zj⊂Xj , Zj 6=∅
is a sum over nonempty
subsets Zj ⊂ Xj . We refer to the hierarchy of equations (33) as the von Neumann hierarchy [32].
It should be noted that the von Neumann hierarchy (33) is the evolution recurrence equations
set. We cite an instance of the typical equations of hierarchy (33)
d
dt
g1(t, 1) = −N (1)g1(t, 1),
d
dt
g2(t, 1, 2) = −N2(1, 2)g2(t, 1, 2)−N
(2)
int (1, 2)g1(t, 1)g1(t, 2),
d
dt
g3(t, 1, 2, 3) = −N3(1, 2, 3)g3(t, 1, 2, 3)−
−
(
N (2)int (1, 2) +N
(2)
int (1, 3) +N
(3)
int (1, 2, 3)
)
g1(t, 1)g2(t, 2, 3)−
−
(
N (2)int (1, 2) +N
(2)
int (2, 3) +N
(3)
int (1, 2, 3)
)
g1(t, 2)g2(t, 1, 3)−
−
(
N (2)int (1, 3) +N
(2)
int (2, 3) +N
(3)
int (1, 2, 3)
)
g1(t, 3)g2(t, 1, 2)−
−N (3)int (1, 2, 3)(1, 2, 3)g1(t, 1)g1(t, 2)g1(t, 3).
In case of a two-body interaction potential (3) the von Neumann hierarchy (33) reduces to the
following form
d
dt
gs(t, Y ) = −Ns(Y )gs(t, Y ) + (36)
+
∑
P:Y=X1
⋃
X2
∑
i1∈X1
∑
i2∈X2
(
−Nint(i1, i2)
)
g|X1|(t, X1)g|X2|(t, X2), s ≥ 1,
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where
∑
P: Y=X1
⋃
X2
is the sum over all possible partitions P of the set Y ≡ (1, . . . , s) into two
nonempty mutually disjoint subsets X1 ⊂ Y and X2 ⊂ Y . In terms of kernels of correlation
operators the first two equations of the von Neumann hierarchy (36) have the form
i
∂
∂t
g1(t, q1; q
′
1) = −
1
2
(∆q1 −∆q′
1
)g1(t, q1; q
′
1),
i
∂
∂t
g2(t, q1, q2; q
′
1, q
′
2) =
=
(
−
1
2
2∑
i=1
(∆qi −∆q′i
) + (Φ(q1 − q2)− Φ(q
′
1 − q
′
2))
)
g2(t, q1, q2; q
′
1, q
′
2) +
+
(
Φ(q1 − q2)− Φ(q
′
1 − q
′
2)
)
g1(t, q1; q
′
1)g1(t, q2; q
′
2).
We remark that the von Neumann hierarchy (33) (or (36)) is rigorously derived on basis of
solutions (21) of cluster expansions (16) of density operators governed by the von Neumann
equation (11).
To construct a solution of the Cauchy problem (33)-(34) we first consider its structure for
physically motivated example of initial data, namely initial data satisfying a chaos property. A
chaos property means the absence of state correlations in a system at the initial time. In this
case the sequence of initial correlation operators is the following one-component sequence
g(0) = (0, g01(1), 0, . . .). (37)
In fact, in terms of the sequence of the density operators this condition means that D(0) =
(1, D01(1), D
0
1(1)D
0
1(2), . . . ,
∏n
i=1D
0
1(i), . . .) in case of the Maxwell-Boltzmann statistics, then
from (21) we derive (37).
On basis of representation (21) of the correlation operators in terms of the density operators
and formula (14) we have
gs(t, Y ) =
∑
P : Y =
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G|Xi|(−t, Xi)
s∏
i=1
D01(i), s ≥ 1.
Taking into account the equality: D01(i) = g
0
1(i), 1 ≤ i ≤ s, we derive the formula of a solution
of the Cauchy problem (33)-(34) for initial data (37)
gs(t, Y ) = As(−t, Y )
s∏
i=1
g01(i), s ≥ 1, (38)
where As(−t, Y ) is the sth-order cumulant of the groups of operators (15) of the von Neumann
equations (11)
As(−t, Y )
.
=
∑
P: Y=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G|Xi|(−t, Xi), (39)
and we use accepted above notations. It should be emphasized that the structure of expan-
sions (39) of the evolution operators As(t, Y ) means that they are determined by the cluster
expansions of the groups of operators (15) of the von Neumann equation (11).
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Thus, the cumulant nature of correlation operators induces the cumulant structure of a one-
parametric mapping generated by solution (38). From (38) it is clear that in case of absence
of correlations in a system at initial instant the correlations generated by the dynamics of a
system are completely governed by cumulants (39) of groups (15).
Let us indicate some properties of a cumulant (semi-invariant) (39) of groups of operators
(15). The corresponding-order cumulant is a solution of the cluster expansions of groups of
operators Gs(−t) (15)
Gs(−t, Y ) =
∑
P :Y=
⋃
iXi
∏
Xi⊂P
A|Xi|(−t, Xi), s ≥ 1, (40)
where
∑
P is the sum over all possible partitions P of the set Y ≡ (1, . . . , s) into |P| nonempty
mutually disjoint subsets Xi ⊂ Y . The simplest examples of equations from recurrence relations
(40) are given by the expressions
G1(−t, 1) = A1(−t, 1),
G2(−t, 1, 2) = A2(−t, 1, 2) + A1(−t, 1)A1(−t, 2).
In case of a quantum system of non-interacting particles we have: As(−t) = 0, s ≥ 2. Indeed,
for non-interacting quantum particles it holds
Gs(−t, 1, . . . , s) =
s∏
i=1
G1(−t, i),
and hence,
As(−t, Y ) =
∑
P: Y=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
|Xi|∏
li=1
G1(−t, li) =
=
s∑
k=1
(−1)k−1s(s, k)(k − 1)!
s∏
i=1
G1(−t, i) = 0.
Here s(s, k) are the Stirling numbers of the second kind and the following equality is used
∑
P:Y=
⋃
iXi
(−1)|P|−1(|P| − 1)! =
s∑
k=1
(−1)k−1s(s, k)(k − 1)! = δs,1, (41)
where δs,1 is a Kroneker symbol.
If s = 1, for f1 ∈ L10(H) ⊂ L
1(H) in the sense of the norm convergence of the space L1(H)
the generator of first-order cumulant (39) is given by operator (13)
lim
t→0
1
t
(A1(−t, 1)− I)f1 = −N1f1.
For s ≥ 2 we obtain the following equality in the same sense
lim
t→0
1
t
As(−t, 1, . . . , s)fs = −N
(s)
int (1, . . . , s)fs,
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where the operator (−N (s)int ) is defined by formula (35).
If fs ∈ L1(Hs), then for sth-order cumulant (39) of groups of operators (15) the estimate is
valid ∥∥As(−t)fs∥∥L1(Hs) ≤ ∑
P:Y=
⋃
iXi
(|P| − 1)!
∥∥fs∥∥L1(Hs) ≤ (42)
≤
s∑
k=1
s(s, k)(k − 1)!
∥∥fs∥∥L1(Hs) ≤ s!es∥∥fs∥∥L1(Hs),
where s(s, k) are the Stirling numbers of the second kind.
Hereafter we use the following notations: ({X1}, . . . , {X|P|}) is a set, elements of which
are |P| mutually disjoint subsets Xi ⊂ Y ≡ (1, . . . , s) of the partition P : Y = ∪
|P|
i=1Xi, i.e.
|({X1}, . . . , {X|P|})| = |P|. In view of these notations we state that {Y } is the set consisting
of one element Y = (1, . . . , s) of the partition P (|P| = 1) and |{Y }| = 1. We define the
declasterization mapping θ : ({X1}, . . . , {X|P|})→ Y , by the formula
θ({X1}, . . . , {X|P|}) = Y. (43)
For arbitrary initial data a solution of the Cauchy problem (33)-(34) of the von Neumann
hierarchy is given by the expansion [32]
gs(t, Y ) =
∑
P:Y=
⋃
iXi
A|P|(−t, {X1}, . . . , {X|P|})
∏
Xi⊂P
g0|Xi|(Xi), s ≥ 1. (44)
Here A|P|(−t) is the |P|th-order cumulant of groups of operators (15) defined by the formula
A|P|(−t, {X1}, . . . , {X|P|})
.
= (45)
.
=
∑
P′ : ({X1},...,{X|P|})=
⋃
k Zk
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Zk⊂P
′
G|θ(Zk)|(−t, θ(Zk)),
where
∑
P′ : ({X1},...,{X|P|})=
⋃
k Zk
is the sum over all possible partitions P
′
of the set ({X1}, . . . ,
{X|P|}) into |P
′
| nonempty mutually disjoint subsets Zk ⊂ ({X1}, . . . , {X|P|}). The simplest
examples of correlation operators (44) are given by the expressions
g1(t, 1) = A1(−t, 1)g
0
1(1),
g2(t, 1, 2) = A1(−t, {1, 2})g
0
2(1, 2) + A2(−t, 1, 2)g
0
1(1)g
0
1(2),
g3(t, 1, 2, 3) = A1(−t, {1, 2, 3})g
0
3(1, 2, 3) + A2(−t, {2, 3}, 1)g
0
1(1)g
0
2(2, 3) +
+A2(−t, {1, 3}, 2)g
0
1(2)g
0
2(1, 3) + A2(−t, {1, 2}, 3)g
0
1(3)g
0
2(1, 2) +
+A3(−t, 1, 2, 3)g
0
1(1)g
0
1(2)g
0
1(3).
The validity of solution expansion (44) can be verified by straightforward differentiation by
time variable and also in the following way. Taking into account the fact that the von Neumann
hierarchy (33) is the evolution recurrence equations set, we can construct a solution of initial-
value problem (33)-(34) by integrating each equation of the hierarchy as the inhomogeneous
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von Neumann equation. For example, using formula (15), as a result of the integration of the
first two equations of hierarchy (33) we obtain the following equalities
g1(t, 1) = G1(−t, 1)g
0
1(1),
g2(t, 1, 2) = G2(−t, 1, 2)g
0
2(1, 2) +
+
t∫
0
dt1G2(−t+ t1, 1, 2)(−Nint(1, 2))G1(−t1, 1)G1(−t1, 2)g
0
1(1)g
0
1(2).
Then for the second term on the right-hand side of this equation an analog of the Duhamel
equation holds
t∫
0
dt1G2(−t + t1, 1, 2)(−Nint(1, 2))G1(−t1, 1)G1(−t1, 2) = (46)
= −G2(−t, 1, 2)
t∫
0
dt1
d
dt1
(
G2(t1, 1, 2)G1(−t1, 1)G1(−t1, 2)
)
=
= G2(−t, 1, 2)− G1(−t, 1)G1(−t, 2) = A2(−t, 1, 2),
where A2(−t) is the second-order cumulant of groups of operators (15) defined by formula (39).
For s > 2 a solution of the Cauchy problem (33)-(34) constructed by iterations is represented
by expansions (44) as a consequence of transformations similar to an analog of the Duhamel
equation (46).
We note, that in case of initial data (37) solution (38) of the Cauchy problem (33)-(34) of
the von Neumann hierarchy may be rewritten in another representation. For n = 1, we have
g1(t, 1) = A1(−t, 1)g
0
1(1).
Then, within the context of the definition of the first-order cumulant, A1(−t), and the dual
group of operators A1(t), we express the correlation operators gs(t), s ≥ 2, in terms of the
one-particle correlation operator g1(t) using formula (38). Hence for s ≥ 2 formula (38) is
represented in the form of the functional with respect to one-particle correlation operators
gs(t, Y | g1(t)) = Âs(t, Y )
s∏
i=1
g1(t, i), s ≥ 2,
where Âs(t, Y ) is sth-order cumulant (39) of the scattering operators
Ĝs(t, Y )
.
= Gs(−t, Y )
s∏
i=1
G1(t, i), s ≥ 1. (47)
The generator of the scattering operator Ĝt(Y ) is determined by the operator
d
dt
Ĝs(t, Y )|t=0 =
s∑
k=2
s∑
i1<...<ik=1
(−N (k)int (i1, . . . , ik)),
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where the operator (−N (k)int ) acts on L
1
0(Hs) ⊂ L
1(Hs) according to formula (35).
On the space L1(FH) for initial-value problem (33)-(34) of the von Neumann hierarchy the
following statement is true [32], [41].
Theorem 3. For t ∈ R a solution of the Cauchy problem (33)-(34) is given by the following
expansion
gs(t, Y ) = G(t; Y |g(0))
.
= (48)
.
=
∑
P:Y=
⋃
iXi
A|P|(−t, {X1}, . . . , {X|P|})
∏
Xi⊂P
g0|Xi|(Xi), s ≥ 1,
where A|P|(−t) is the |P|th-order cumulant (45) of the groups of operators. For g
0
n ∈ L
1
0(Hn) ⊂
L1(Hn), n ≥ 1, expansion (48) is a strong (classical) solution and for arbitrary initial data
g0n ∈ L
1(Hn), n ≥ 1, it is a weak (generalized) solution.
The intrinsic properties of constructed solution (48) are generated by the properties of cumu-
lants (45) of groups of operators of the von Neumann equations. We indicate some properties
of the one-parameter mapping: t→ G(t|f), generated by solution (48).
For fs ∈ L1(Hs), s ≥ 1, the mapping G(t; Y |f) is defined and, according to the inequality∥∥A|P|(−t, {X1}, . . . , {X|P|})fs∥∥L1(Hs) ≤ |P|! e|P|∥∥fs∥∥L1(Hs),
the following estimate is true ∥∥G(t; Y |f)∥∥
L1(Hs)
≤ s!e2scs, (49)
where c ≡ e3max(1,maxP:Y=⋃iXi ‖f|Xi|‖L1(H|Xi|)). The mapping G(t|f) has the group property,
i.e. for f ∈ L1(FH) the equalities are fulfilled
G(t1 + t2|f) = G(t1|G(t2|f)) = G(t2|G(t1|f)).
On the subspaces L10(Hs) ⊂ L
1(Hs), s ≥ 1, the infinitesimal generator N (Y |f) of the group
G(t; Y |f) is defined by the operator
N (Y |f)
.
= −Ns(Y )fs(Y ) + (50)
+
∑
P : Y =
⋃
iXi,
|P| 6= 1
∑
Z1 ⊂ X1,
Z1 6= ∅
. . .
∑
Z|P| ⊂ X|P|,
Z|P| 6= ∅
(
−N
(
|P|∑
r=1
|Zr|)
int (Z1, . . . , Z|P|)
) ∏
Xi⊂P
f|Xi|(Xi),
We remark that a particular solution of the steady von Neumann hierarchy is a sequence of
the Ursell operators, for example, its first two elements have the form
g1(t, 1) = e
−βK(1),
g2(t, 1, 2) = e
−β
2∑
i=1
K(i)
(e−βΦ(1,2) − I),
where β is a parameter inversely proportional to temperature.
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For the purpose of further application we introduce the notion of correlation operators of
clusters of particles
g1+n(t, {Y }, X \ Y ) = G(t; {Y }, X \ Y |g(0))
.
= (51)
.
=
∑
P: ({Y },X\Y )=
⋃
iXi
A|P|
(
− t, {θ(X1)}, . . . , {θ(X|P|)}
) ∏
Xi⊂P
g0|Xi|(Xi),
where A|P|(−t) is the |P|th-order cumulant defined by formula (45).
We remark that the relations between correlation operators of particle clusters d{Y }g(t) ∈
L1(⊕∞n=0Hs+n) and correlation operators of particles (48) are given by the following equalities
g1+n(t, {Y }, X \ Y ) = (52)
=
∑
P:({Y }, X\Y )=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
∑
P′: θ(Xi)=
⋃
ji
Zji
∏
Zji⊂P
′
g|Zji |(t, Zji).
In particular case n = 0, i.e. the correlation operator of a cluster of |Y | particles, these relations
take the form
g1+0(t, {Y }) =
∑
P:Y=
⋃
iXi
∏
Xi⊂P
g|Xi|(t, Xi).
Due to cluster expansions (16) it is possible to express many-particle correlation operators
through the two-particle and one-particle correlation operators
g1+n(t, {Y }, X \ Y ) =
=
∑
Z⊂X\Y ,Z 6=∅
g2(t, {Y }, {Z})
∑
P:X\(Y ∪Z)=
⋃
iXi
(−1)|P||P|!
|P|∏
i=1
g1(t, {Xi}).
We note also that in case of many-particle systems obeying quantum statistics, i.e. many-
particle systems of fermions or bosons, the von Neumann hierarchy has the form
d
dt
gs(t, Y ) = N (Y |g(t)), s ≥ 1, (53)
where the hierarchy generator is determined by
N (Y |g)
.
= −Ns(Y )gs(Y ) +
+
∑
P : Y =
⋃
iXi,
|P| 6= 1
∑
Z1 ⊂ X1,
Z1 6= ∅
. . .
∑
Z|P| ⊂ X|P|,
Z|P| 6= ∅
(
−N
(
|P|∑
r=1
|Zr|)
int (Z1, . . . , Z|P|)
)
S±s
∏
Xi⊂P
g|Xi|(Xi),
and the operators S±s are defined by formula (2). A solution of the Cauchy problem of hierarchy
(53) is given by the corresponding expansion
gs(t, Y ) =
∑
P:Y=
⋃
iXi
A|P|(−t, {X1}, . . . , {X|P|})S
±
s
∏
Xi⊂P
g0|Xi|(Xi), s ≥ 1.
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4 The hierarchies of quantum evolution equations
For the description of the evolution of infinite-particle quantum systems the hierarchies of evo-
lution equations for marginal observables, marginal density operators and marginal correlation
operators are used [1], [3]. They are constructed as the evolution equations for one more but
an equivalent method of the description of states and observables of finitely many particles.
Usually the evolution of infinite-particle quantum systems is described within the framework
of the evolution of states by the quantum BBGKY hierarchy for marginal density operators.
An alternative method of the description of state evolution is given in terms of the nonlinear
quantum BBGKY hierarchy for marginal correlation operators. An equivalent approach to the
description of the evolution of quantum systems is given within the framework of the marginal
observables governed by the dual quantum BBGKY hierarchy [31], [40].
For a system of a finite average number of particles there exists an equivalent possibility to
describe observables and states, namely, by sequences of marginal observables (the so-called s-
particle observables) B(t) = (B0, B1(t, 1), . . . , Bs(t, 1, . . . , s), . . .) and marginal states (s-particle
density operators) F (0) = (1, F 01 (1), . . . , F
0
s (1, . . . , s), . . .) [1], [4]. These sequences are corre-
spondingly introduced instead of sequences of observables A(t) and density operators D(0), in
such way that mean value (10) does not change, i.e.
〈
A
〉
(t) = (I,D(0))−1(A(t), D(0)) = (I,D(0))−1
∞∑
n=0
1
n!
Tr1,...,nAn(t)D
0
n = (54)
= (B(t), F (0)) =
∞∑
s=0
1
s!
Tr1,...,sBs(t, 1, . . . , s)F
0
s (1, . . . , s),
where (I,D(0)) =
∑∞
n=0
1
n!
Tr1,...,nD
0
n is a normalizing factor and I is the identity operator.
Thus, the relationship of marginal observables and observables is determined by the formula
Bs(t, Y )
.
=
s∑
n=0
(−1)n
n!
s∑
j1 6=...6=jn=1
As−n(t, Y \(j1, . . . , jn)), s ≥ 1, (55)
where Y ≡ (1, . . . , s). In terms of the density operators the marginal density operators are
defined respectively
F 0s (Y )
.
= (I,D(0))−1
∞∑
n=0
1
n!
Tr1,...,s+nD
0
s+n(1, . . . , s+ n), s ≥ 1. (56)
As we can see from (55) one component sequences of marginal observables correspond to observ-
ables of certain structure, namely the marginal observable B(1) = (0, a1(1), 0, . . .) corresponds
to the additive-type observable A(1) = (0, a1(1), . . . ,
∑n
i=1a1(i), . . .), and in the general case the
k-ary-type marginal observable B(k) = (0, . . . , 0, ak(1, . . . , k), 0, . . .) corresponds to the k-ary-
type observable A(k) = (0, . . . , 0, ak(1, . . . , k), . . . ,
∑n
i1<...<ik=1
as(i1, . . . , ik), . . .).
We emphasize that the evolution of marginal observables (55) of both finitely and infinitely
many quantum particles is described by the initial-value problem of the dual BBGKY hierarchy.
For finitely many particles the dual quantum BBGKY hierarchy is equivalent to the Heisenberg
equations (4) (the dual equation to the Heisenberg equation (4) is the von Neumann equation
(11)).
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4.1 The dual quantum BBGKY hierarchy for marginal observables
The evolution of marginal observables is described by the initial-value problem of the dual
quantum BBGKY hierarchy
d
dt
Bs(t, Y ) =
( s∑
j=1
N (j) +
s∑
j1<j2=1
Nint(j1, j2)
)
Bs(t, Y ) + (57)
+
s∑
j1 6=j2=1
Nint(j1, j2)Bs−1(t, Y \(j1)),
Bs(t) |t=0= B
0
s , s ≥ 1, (58)
where on L0(Hn) ⊂ L(Hn) the operators N (j) and Nint(j1, j2) are correspondingly defined by
formulas
N (j)gn
.
= −i(gnK(j)−K(j)gn), (59)
Nint(j1, j2)gn
.
= −i(gnΦ(j1, j2)− Φ(j1, j2)gn),
We refer to recurrence evolution equations (57) as the dual quantum BBGKY hierarchy since
it is the adjoint hierarchy of evolution equations to the quantum BBGKY hierarchy for the
marginal density operators [3, 4] with respect to bilinear form (10). In case of the space H =
L2(Rν), evolution equations (57) for kernels of the operators Bs(t), ≥ 1, are given by
i
∂
∂t
B1(t, q1; q
′
1) = −
1
2
(−∆q1 +∆q′1)B1(t, q1; q
′
1),
i
∂
∂t
Bs(t, q1, . . . , qs; q
′
1, . . . , q
′
s) =
(
−
1
2
s∑
j=1
(−∆qj +∆q′j ) +
+
s∑
1=j1<j2
(Φ(q′j1 − q
′
j2
)− Φ(qj1 − qj2))
)
Bs(t, q1, . . . , qs; q
′
1, . . . , q
′
s) +
+
s∑
1=j1 6=j2
(Φ(q′j1 − q
′
j2
)− Φ(qj1 − qj2))Bs−1(t, q1, . . . , qj2−1, qj2+1, . . . , qs;
q′1, . . . , q
′
j2−1
, q′j2+1, . . . , q
′
s), s ≥ 2.
We note that in case of many-body interaction potentials (32) hierarchy (57) has the form [33]
d
dt
Bs(t, Y ) = Ns(Y )Bs(t, Y ) +
+
s∑
n=1
1
n!
s∑
k=n+1
1
(k − n)!
s∑
j1 6=...6=jk=1
N (k)int (j1, . . . , jk)Bs−n(t, Y \{j1, . . . , jn}), s ≥ 1.
On space L(Hk) the operator N
(k)
int is defined by
N (k)int gk
.
= −i
(
gkΦ
(k) − Φ(k)gk
)
. (60)
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We note that for finitely many particles the dual quantum BBGKY hierarchy (57) (or (60)) is
rigorously derived on basis of the Heisenberg equation (4) according to definition (55). Hence
the structure of evolution equations for marginal observables is defined by the structure of
expansion (55).
Let us introduce some abridged notations: Y ≡ (1, . . . , s), X ≡ (j1, . . . , jn) ⊂ Y and {Y \X}
is the set consisting of one element Y \X = (1, . . . , s)\(j1, . . . , jn), i.e. the set {Y \X} is a
connected subset of the set Y .
To construct a solution of the Cauchy problem (57)-(58) we introduce the (1 + n)th-order
cumulant of groups of operators (7) as follows [30], [33]
A1+n(t, {Y \X}, X)
.
= (61)
.
=
∑
P: ({Y \X}, X)=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G|θ(Xi)|(t, θ(Xi)), n ≥ 0,
where
∑
P is the sum over all possible partitions P of the set ({Y \X}, j1, . . . , jn) into |P|
nonempty mutually disjoint subsets Xi ⊂ ({Y \X}, X). For example,
A1(t, {Y }) = Gs(t, Y ),
A2(t, {Y \(j)}, j) = Gs(t, Y )− Gs−1(t, Y \(j))G1(t, j).
Let us indicate some properties of cumulants (61). If n = 0, for gs ∈ L0(Hs) ⊂ L(Hs) in the
sense of the ∗-weak convergence of the space L(Hs) the generator of first-order cumulant (61)
is given by operator (6)
lim
t→0
1
t
(A1(t, {Y })− I)gs(Y ) = Nsgs(Y ).
In case of n = 1 for gs ∈ L0(Hs) ⊂ L(Hs) we obtain the following equality in the sense of the
∗-weak convergence of the space L(Hs)
lim
t→0
1
t
A2(t, {Y \(j)}, j)gs(Y ) =
∑
i∈(Y \(j))
Nint(i, j)gs(Y ),
where the operator Nint(i, j) is defined by (59), and for n ≥ 2 as a consequence of the fact that
we consider a system of particles interacting by a two-body potential (3), it holds
lim
t→0
1
t
A1+n(t, {Y \X}, X)gs(Y ) = 0.
Correspondingly in case of n-body interaction potential (32) it holds
lim
t→0
1
t
An(t, 1, . . . , n)gn = N
(n)
int gn,
where the operator N (n)int is defined by formula (60).
If gs ∈ L(Hs), then for (1+n)th-order cumulant (61) of groups of operators (7) the estimate
is valid ∥∥A1+n(t)gs∥∥L(Hs) ≤ ∑
P: ({Y \X}, X)=
⋃
iXi
(|P| − 1)!
∥∥gs∥∥L(Hs) ≤ (62)
≤
n+1∑
k=1
s(n + 1, k)(k − 1)!
∥∥gs∥∥L(Hs) ≤ n!en+2∥∥gs∥∥L(Hs),
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where s(n + 1, k) are the Stirling numbers of the second kind.
On the space Lγ(FH) for abstract initial-value problem (57)-(58) the following statement is
true [40].
Theorem 4. If B(0) ∈ Lγ(FH) and γ < e−1, then for t ∈ R a unique solution of the Cauchy
problem (57)-(58) of the dual quantum BBGKY hierarchy exists and it is determined by the
expansion
Bs(t, Y ) =
s∑
n=0
1
n!
s∑
j1 6=...6=jn=1
A1+n(t, {Y \X}, X)B
0
s−n(Y \X), s ≥ 1, (63)
where the (1+n)th-order cumulant A1+n(t, {Y \X}, X) is defined by formula (61). For B(0) ∈
L0γ(FH) ⊂ Lγ(FH) it is a classical solution and for arbitrary initial data B(0) ∈ Lγ(FH) it is a
generalized solution.
The simplest examples of marginal observables (63) are given by the expressions
B1(t, 1) = A1(t, 1)B
0
1(1),
B2(t, 1, 2) = A1(t, {1, 2})B
0
2(1, 2) + A2(t, 1, 2)(B
0
1(1) +B
0
1(2)).
We remark that at the initial time t = 0 solution (63) satisfies initial condition (58). Indeed,
according to definition (7) and equality (41) for n ≥ 0, we have
A1+n(0, {Y \X}, X) =
∑
P: ({Y \X}, X)=
⋃
iXi
(−1)|P|−1(|P| − 1)!I = Iδn,0.
On the space Lγ(FH) a solution of the initial-value problem of the dual BBGKY hierarchy
defines a one-parametric mapping with the following properties [33].
Owing to estimate (62) for cumulants (61), under the condition that γ < e−1 we have∥∥B(t)∥∥
Lγ (FH)
≤ e2(1− γe)−1
∥∥B(0)∥∥
Lγ(FH)
. (64)
Then on the space g ∈ Lγ(FH) the one-parametric mapping
R
1 ∋ t 7→ (U(t)g)s(Y )
.
= (65)
.
=
s∑
n=0
1
(s− n)!
s∑
j1 6=...6=js−n=1
A1+n(t, {Y \X}, X) gs−n(Y \X), s ≥ 1,
is a C∗0 -group. The infinitesimal generator D =
⊕∞
s=0Ds of this group of operators is a closed
operator for the ∗-weak topology and on the domain of the definition D(D) ⊂ Lγ(FH) which
is the everywhere dense set for the ∗-weak topology of the space Lγ(FH) it is defined by the
operator
(Dg)s(Y )
.
= Ns(Y )gs(Y ) +
+
s∑
n=1
1
n!
s∑
k=n+1
1
(k − n)!
s∑
j1 6=...6=jk=1
N (k)int (j1, . . . , jk)gs−n(Y \{j1, . . . , jn}),
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where the operator N (k)int is given by formula (60).
In capacity of initial data we consider the additive-type observables, i.e. the one-component
sequences B(1)(0) = (0, a1(1), 0, . . .) (the k-ary marginal observable is the sequence B
(k)(0) =
(0, . . . , 0, ak(1, . . . , k), 0, . . .) [29]). In this case solution expansion (63) attains the form
B(1)s (t, Y ) = As(t, 1, . . . , s)
s∑
j=1
a1(j), s ≥ 1. (66)
For such additive-type observable as number of particles, i.e. one-component sequence N(0) =
(0, I, 0, . . .), according to definition of cumulants (61), solution expansion (66) get the following
form
(N(t))s(Y ) = As(t, 1, . . . , s)
s∑
j=1
I = s δs,1I, s ≥ 1,
where I is the identity operator and δs,1 is a Kroneker symbol. Hence we have∣∣(N(t), F (0))∣∣ = ∣∣Tr1 F 01 (1)∣∣ ≤ ∥∥F 01 ∥∥L1(H) <∞.
Thus, the marginal density operators from the space L1α(FH) describe quantum systems of
finitely many particles.
We note that solution expansion (63), i.e. nonperturbative solution expansion, can be derived
from solution (9) of the initial-value problem of the Heisenberg equation (4)-(5) on the basis of
expansions (55). Since hierarchy (57) has the structure of recurrence equations, we also deduce
that the solution can be constructed by successive integration of the inhomogeneous Heisenberg
equations. Solution (63) is represented in the form of the perturbation (iteration) series as a
result of applying of analogs of the Duhamel equation to cumulants (61) of groups of operators
(7).
Cluster expansions (40) of group of operators can be put at the basis of all possible solu-
tion representations of the dual quantum BBGKY hierarchy (57). In fact, solving recurrence
relations (40) with respect to the 1st-order cumulants for the separation terms, which are
independent from the variable Y \X ≡ (j1, . . . , js−n)
A1+n(t, {Y \X}, X) =
∑
Z⊂X
A1(t, {Y \X ∪ Z})
∑
P :X\Z=
⋃
iXi
(−1)|P| |P|!
|P|∏
i=1
A1(t, {Xi}),
where
∑
Z⊂X is a sum over all subsets Z ⊂ X of the set X and taking into account the identity
∑
P :X\Z=
⋃
iXi
(−1)|P| |P|!
|P|∏
i=1
A1(t, {Xi})gs−n(Y \X) =
∑
P:X\Z=
⋃
iXi
(−1)|P| |P|! gs−n(Y \X), (67)
and the equality ∑
P:X\Z=
⋃
iXi
(−1)|P| |P|! = (−1)|X\Z|, (68)
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for expansion (63) we derive
Bs(t, Y ) =
s∑
n=0
1
(s− n)!
s∑
j1 6=...6=js−n=1
∑
Z⊂X
(−1)|X\Z| Gs−n+|Z|(t, Y \X ∪ Z)B
0
s−n(Y \X). (69)
Introducing the operator a+ (an analog of the creation operator [40]):
(a+g)s(Y )
.
=
s∑
j=1
gs−1(Y \(j)) (70)
defined on Lγ(FH), as a result of the symmetry property of the Maxwell-Boltzmann statistics,
expression (69) can be rewritten in the following compact form
B(t) =
∞∑
n=0
1
n!
n∑
k=0
(−1)n−k
n!
k!(n− k)!
(a+)n−kG(t)(a+)kB0 = e−a
+
G(t)ea
+
B0.
We can obtain one more representation for a solution of the initial-value problem of the dual
quantum BBGKY hierarchy, if we express the cumulants A1+n(t), n ≥ 1, of groups of operators
(7) with respect to the 1st-order and 2nd-order cumulants. In fact, it holds
A1+n(t, {(Y \X)}, X) =
∑
Z⊂X,
Z 6=∅
A2(t, {Y \X}, {Z})
∑
P:X\Z=
⋃
iXi
(−1)|P| |P|!
|P|∏
i=1
A1(t, {Xi}),
where
∑
Z⊂X,
Z 6=∅
is a sum over all nonempty subsets Z ⊂ X of the set X . Then taking into account
identity (67) and equality (68), we get the following representation for solution expansion (63)
of the dual quantum BBGKY hierarchy
Bs(t, Y ) = A1(t, Y )B
0
s (Y ) +
+
s∑
n=1
1
(s− n)!
s∑
j1 6=...6=js−n=1
∑
Z⊂X,
Z 6=∅
(−1)|X\Z| A2(t, {Y \X}, {Z})B
0
s−n(Y \X),
where Y ≡ (1, . . . , s), X ≡ Y \(j1, . . . , js−n), i.e. Y \X = (j1, . . . , js−n).
4.2 Marginal density operators
As stated above (54) the mean value of the marginal observable B(t) ∈ Lγ(FH) at t ∈ R in
the initial marginal state F (0) = (1, F 01 (1), . . . , F
0
s (1, . . . , s), . . .) ∈ L
1
α(FH) is defined by the
functional
(B(t), F (0)) =
∞∑
s=0
1
s!
Tr1,...,sBs(t, 1, . . . , s)F
0
s (1, . . . , s). (71)
According to estimate (64), functional (71) exists under the condition that γ < e−1, and the
following estimate holds∣∣(B(t), F (0))∣∣ ≤ e2(1− γe)−1∥∥B(0)∥∥
Lγ(FH)
∥∥F (0)∥∥
L1
γ−1
(FH)
.
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In consequence of the validity for functional (71) of the following equalities
(I,D(0))−1(A(t), D(0)) = (I,D(t))−1(A(0), D(t)) = (B(0), F (t)) =
=
∞∑
s=0
1
s!
Tr1,...,sB
0
s (1, . . . , s)Fs(t, 1, . . . , s),
where the marginal density operator Fs(t, 1, . . . , s) is defined by means of density operators
(14) according to formula (56) and the marginal observable B0s (1, . . . , s) is defined by means
of (5) according to formula (55) respectively, it is possible to describe the evolution within the
framework of the marginal state evolution.
According to (30), marginal density operators (56) can be defined in terms of the correlation
operators of clusters of particles (31) by the expansion
Fs(t, Y )
.
=
∞∑
n=0
1
n!
Trs+1,...,s+n g1+n(t, {Y }, s+ 1, . . . , s+ n), s ≥ 1, (72)
where the correlation operator g1+n(t) is given by expansion (31). Starting from an alternative
approach to the description of states by the von Neumann hierarchy, we define the marginal
density operators by the use of solutions of the Cauchy problem of the von Neumann hierarchy
for correlation operators of clusters of particles (51). As is obvious from what will be said
the cumulant structure of the von Neumann hierarchy solution (51) induces the cumulant
structure of solution expansion (97) of initial-value problem of the quantum BBGKY hierarchy
for marginal density operators that are adopted for the description of infinite-particle systems,
i.e. infinite-particle dynamics is generated by the dynamics of correlations.
4.3 The quantum BBGKY hierarchy
The evolution of states is described by the sequences F (t) = (1, F1(t, 1), . . . , Fs(t, 1, . . . , s), . . .)
of the marginal density operators that satisfy the Cauchy problem of the quantum BBGKY
hierarchy
d
dt
Fs(t, Y ) =
( s∑
j=1
(−N (j)) +
s∑
j1<j2=1
(−Nint(j1, j2))
)
Fs(t, Y ) +
+
s∑
j=1
Trs+1(−Nint(j, s + 1))Fs+1(t, Y, s+ 1), (73)
Fs(t, Y ) |t=0= F
0
s (Y ), s ≥ 1, (74)
where Y ≡ (1, . . . , s) and on L10(Hn) ⊂ L
1(Hn) the operators (−N (j)) and (−Nint(j1, j2)) are
correspondingly defined by formulas
(−N (j))fn
.
= −i(K(j)fn − fnK(j)), (75)
(−Nint)(j1, j2)fn
.
= −i(Φ(j1, j2)fn − fnΦ(j1, j2)).
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In case of the space H = L2(Rν), hierarchy of evolution equations (73) for kernels of the
operators Fs(t), s ≥ 1, (the marginal or s-particle density matrix) are given by
i
∂
∂t
Fs(t, q1, . . . , qs; q
′
1, . . . , q
′
s) =
(
−
1
2
s∑
i=1
(∆qi −∆q′i
) +
+
s∑
i<j=1
(
Φ(qi − qj)− Φ(q
′
i − q
′
j)
))
Fs(t, q1, . . . , qs; q
′
1, . . . , q
′
s) +
+
s∑
i=1
∫
dqs+1
(
Φ(qi − qs+1)− Φ(q
′
i − qs+1)
)
Fs+1(t, q1, . . . , qs, qs+1; q
′
1, . . . , q
′
s, qs+1).
We note that in case of many-body interaction potentials (32) hierarchy (73) has the form [33]
d
dt
Fs(t, Y ) = −Ns(Y )Fs(t, Y ) + (76)
+
∞∑
n=1
1
n!
Trs+1,...,s+n
∑
Z ⊂ Y ,
Z 6= ∅
(
−N (|Z|+n)int
)
(Z, s+ 1, . . . , s+ n)Fs+n(t), s ≥ 1,
where the operator N (n)int is defined on L
1
0(Hn) ⊂ L
1(Hn) by formula (60).
For finitely many particles the quantum BBGKY hierarchy (73) is rigorously derived on basis
of the von Neumann equation (11) according to the definition of marginal density operators (56).
The rigorous derivation of the quantum BBGKY hierarchy from the von Neumann hierarchy
is given in [16]. Another way of looking to the derivation of the quantum BBGKY hierarchy
consists in the construction of the adjoint (dual) equations to the dual quantum BBGKY
hierarchy (57) with respect to bilinear form (71).
On the space L1α(FH) for abstract initial-value problem (73)-(74) the following statement
holds [31].
Theorem 5. If F (0) ∈ L1α(FH) and α > e, then for t ∈ R a unique solution of the Cauchy
problem (73)-(74) of the quantum BBGKY hierarchy exists and is given by the expansion
Fs(t, Y ) =
∞∑
n=0
1
n!
Trs+1,...,s+nA1+n(−t, {Y }, X\Y )F
0
s+n(X), s ≥ 1, (77)
where Y ≡ (1, . . . , s), X ≡ (1, . . . , s+ n), and the evolution operator
A1+n(−t, {Y }, X\Y ) =
∑
P :({Y }, X\Y )=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G|θ(Xi)|(−t, θ(Xi)) (78)
is the (1 + n)th-order cumulant of groups of operators (15),
∑
P is the sum over all possible
partitions P of the set ({Y }, X\Y ) into |P| nonempty mutually disjoint subsets Xi ⊂ ({Y }, X\
Y ). For initial data F (0) ∈ L1α,0 ⊂ L
1
α(FH) it is a strong solution and for arbitrary initial data
from the space L1α(FH) it is a weak solution.
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Owing to estimate (42), i.e.∥∥A1+n(−t)fs+n∥∥L1(Hs+n) ≤ n!en+2∥∥fs+n∥∥L1(Hs+n),
for F 0 ∈ L1α(FH) series (77) converges on the norm of the space L
1
α(FH) provided that α > e,
and the inequality holds
‖F (t)‖L1α(FH) ≤ cα‖F (0)‖L1α(FH),
where cα = e
2(1− e
α
)−1. The parameter α can be interpreted as the value inverse to the average
number of particles.
Let us indicate some properties of cumulants (78). If n = 0, for fs ∈ L10(Hs) ⊂ L
1(Hs) in
the sense of the norm convergence of the space L1(Hs) the generator of first-order cumulant
(78) is given by operator (13)
lim
t→0
1
t
(A1(−t, {Y })− I)fs(Y ) = −Nsfs(Y ).
In case of n = 1 for fs+1 ∈ L
1
0(Hs+1) ⊂ L
1(Hs+1) we obtain the following equality in the same
sense
lim
t→0
1
t
A2(−t, {Y }, s+ 1)fs+1(Y, s+ 1) =
s∑
i=1
(−Nint(i, s+ 1))fs+1(Y, s+ 1), (79)
and for n ≥ 2 as a consequence of the fact that we consider a system of particles interacting by
a two-body potential (3), it holds
lim
t→0
1
t
A1+n(−t, {Y }, X\Y )fs+n(X) = 0.
With a view to generality we consider the case of many-body interaction potentials (32). On
the space L1α(FH) a solution of the initial-value problem of the quantum BBGKY hierarchy is
defined a one-parametric mapping (the adjoint mapping to mapping (65) in the sense of bilinear
form (1))
R
1 ∋ t 7→ (U(−t)f)s(Y )
.
=
∞∑
n=0
1
n!
Trs+1,...,s+nA1+n(−t, {Y }, X\Y )fs+n(X)
with the following properties [33]. If f ∈ L1α(FH) and α > e, then one-parametric mapping (80)
is a C0-group [33]. On the subspace L
1
α,0 ⊂ L
1
α(FH) the infinitesimal generator B =
⊕∞
n=0Bn
of this group is defined by the operator
(Bf)s(Y )
.
= −Ns(Y )fs(Y ) +
+
s∑
k=1
1
k!
s∑
i1 6=...6=ik=1
∞∑
n=1
1
n!
Trs+1,...,s+n(−N
(k+n)
int )(i1, . . . , ik, X\Y )fs+n(X), s ≥ 1,
where on L10(Hs+n) ⊂ L
1(Hs+n) the operator (−N
(k+n)
int ) is defined by formula (35).
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We indicate that nonperturbative solution (77) of the quantum BBGKY hierarchy is trans-
formed to the form of the perturbation (iteration) series as a result of applying of analogs of the
Duhamel equation [7] to cumulants (78) of groups of operators. To reduce expansion (77) to
the BBGKY hierarchy iteration series we put groups of operators in the expression of cumulant
(78) into a new order with respect to the groups of operators which act on the variables Y
A1+n(−t, {Y }, X\Y ) = (80)
=
∑
Z⊂X\Y
G|Y ∪Z|(−t, Y ∪ Z)
∑
P :(X\(Y ∪Z))=
⋃
iXi
(−1)|P||P|!
∏
Xi⊂P
G|Xi|(−t, Xi).
If Xi ⊂ X\Y , then for the trace class operator F 0|X| and the unitary group of operator (15) the
equality is valid
Trs+1,...,s+n
∏
Xi⊂P
G|Xi|(−t;Xi)F
0
|X|(X) = Trs+1,...,s+nF
0
|X|(X).
Then, taking into account the equality∑
P: (X\(Y ∪Z))=
⋃
iXi
(−1)|P||P|! = (−1)|X\(Y ∪Z)|,
from expression (80) for solution expansion (77) we obtain
Fs(t, Y ) =
∞∑
n=0
1
n!
Trs+1,...,s+nU1+n(−t, {Y }, X\Y )F
0
|X|(X), (81)
where U1+n(−t) is the (1 + n)th-order reduced cumulant of groups of operators (15)
U1+n(−t, {Y }, X\Y ) =
∑
Z⊂X\Y
(−1)|X\Y ∪Z)|G|Y ∪Z|(−t, Y ∪ Z).
Using the symmetry property of particles obeying the Maxwell-Boltzmann statistics, the equal-
ities valid
Trs+1,...,s+n
∑
Z⊂X\Y
(−1)|X\(Y ∪Z)|G|Y ∪Z|(−t, Y ∪ Z)F
0
|X|(X) =
= Trs+1,...,s+n
n∑
k=0
(−1)k
s+n∑
i1<...<in−k=s+1
G|Y |+n−k(−t, Y, i1, . . . , in−k)F
0
s+n(X) =
= Trs+1,...,s+n
n∑
k=0
(−1)k
n!
k!(n− k)!
G|Y |+n−k(−t, Y, s+ 1, . . . , s+ n− k)F
0
s+n(X).
Hence for the evolution operator U1+n(−t) it holds
U1+n(−t, {Y }, X\Y ) =
n∑
k=0
(−1)k
n!
k!(n− k)!
Gs+n−k(−t, Y, s+ 1, . . . , s+ n− k), (82)
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and consequently, we derive the representation which is written down in terms of the operator
a (an analog of the annihilation operator [1])
(af)n
.
= Trn+1fn+1, (83)
as the following expansion
F (t) =
∞∑
n=0
1
n!
n∑
k=0
(−1)k
n!
k!(n− k)!
a
n−kG(−t)akF 0. (84)
We remark that this representation for the solution expansion for the first time is obtain in [4]
by another method in the form
F (t) = eaG(−t)e−aF (0).
Finally, in view of the validity of the equality
d
dτ
G(−t + τ)aG(−τ)F (0) = G(−t + τ)
[
N , a
]
G(−τ)F (0),
where
[
·, ·
]
is the commutator of operators, namely in componentwise form
([
N , a
]
f
)
s
(Y ) =
s∑
j=1
Trs+1(−Nint(j, s + 1))fs+1(Y, s+ 1),
expansion (84) is represented in the form of the perturbation series of the quantum BBGKY
hierarchy (73)
F (t) =
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtnG(−t + t1)
[
N , a
]
G(−t1 + t2) . . .
. . .G(−tn−1 + tn)
[
N , a
]
G(−tn)F (0),
or in componentwise form
Fs(t, Y ) =
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtnTrs+1,...,s+nGs(−t + t1)
s∑
j1=1
(−Nint(j1, s+ 1))× (85)
×Gs+1(−t1 + t2) . . .Gs+n−1(−tn−1 + tn)
s+n−1∑
jn=1
(−Nint(jn, s+ n))Gs+n(−tn)F
0
s+n(X).
Recurrence relations (40) underlie of the classification of possible solution representations
of the Cauchy problem (73)-(74) of the quantum BBGKY hierarchy. In fact, using cluster
expansion (40) of the group of operators (15) it is possible to construct other representations.
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For example, solving the recurrence relations (40) with respect to the cumulants of first and
second order, we have
A1+n(−t, {Y }, X\Y ) = (86)
=
∑
Z⊂X\Y ,
Z 6= ∅
A2(−t, {X}, {Z})
∑
P: (X\(Y ∪Z))=
⋃
iXi
(−1)|P||P|!
∏
Xi⊂P
A1(−t, {Xi}).
Summing up the relevant terms of expression (86) in expansion (78) similarly to the case of
(81), we obtain the expansion representation of initial-value problem (73)-(74) through the
second order cumulant
Fs(t, Y ) =
∞∑
n=0
1
n!
Trs+1,...,s+n
∑
Z⊂X\Y ,
Z 6= ∅
(−1)|X\(Y ∪Z)|A2(−t, {X}, {Z})F
0
s+n(X). (87)
For F (0) ∈ L1α(FH) series (87) converges on the norm of the space L
1
α(FH) and the estimate
holds ∥∥F (t)∥∥
L1α(FH)
≤ 2e2
∥∥F (0)∥∥
L1α(FH)
.
The statement that for initial data from the space L1α(FH) solution (87) of the Cauchy problem
of the quantum BBGKY hierarchy (73)-(74) actually follows from the equivalence of different
representations and the existence statement of solution (77).
4.4 The nonlinear quantum BBGKY hierarchy for marginal corre-
lation operators
In view of the definition of mean-value functional (30), for example, the dispersion of an
additive-type observable is determined by the functional
〈(A(1) − 〈A(1)〉(t))2〉(t) = (88)
=
∞∑
n=0
1
n!
Tr1,...,1+n (a
2
1(1)− 〈A
(1)〉2(t))g1+n(t, 1, . . . , 1 + n) +
+
∞∑
n=0
1
n!
Tr1,...,2+n a1(1)a1(2)g2+n(t, 1, . . . , 2 + n),
where 〈A(1)〉(t) is defined by expression (30) and the operators gs+n(t) are defined by expansions
(21). For A(1) ∈ L(FH) and g ∈ L
1(FH) functional (88) exists. Following to formula (88) we
introduce the marginal correlation operators by the series
Gs(t, 1, . . . , s)
.
=
∞∑
n=0
1
n!
Trs+1,...,s+n gs+n(t, 1, . . . , s+ n), s ≥ 1, (89)
where the operator gs+n(t, 1, . . . , s+ n) is defined by expansion (21) over solutions (14) of the
von Neumann equations (11). According to estimate (49), series (89) exists and the estimate
holds:
∥∥Gs(t)∥∥L1(Hs) ≤ s!(2e2)scs∑∞n=0(2e2)ncn.
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Then the dispersion of an additive-type observable is defined within framework of the
marginal correlation operators (89) as follows [3]
〈(A(1) − 〈A(1)〉(t))2〉(t) =
= Tr1 (a
2
1(1)− 〈A
(1)〉2(t))G1(t, 1) + Tr1,2 a1(1)a1(2)G2(t, 1, 2).
Thus, macroscopic characteristics of fluctuations of observable are determined by marginal
correlation operators (89) on the microscopic level.
Assuming as a basis an alternative approach to the description of the state evolution within
framework of the von Neumann hierarchy, we shall define the marginal correlation operators
by the use of solutions of the Cauchy problem (33)-(34) of the von Neumann hierarchy for
correlation operators by formula (89). We note that every term of marginal correlation operator
expansion (89) is determined by the (s+ n)-particle correlation operator (48) as contrasted to
marginal density operator expansion (72) which is defined by the (1 + n)-particle correlation
operator (51).
Traditionally marginal correlation operators are introduced by means of the cluster expan-
sions of the marginal density operators (72) governed by the quantum BBGKY hierarchy (73)
Fs(t, Y ) =
∑
P : Y =
⋃
iXi
∏
Xi⊂P
G|Xi|(t, Xi), s ≥ 1, (90)
where
∑
P:Y=
⋃
iXi
is the sum over all possible partitions P of the set Y ≡ (1, . . . , s) into |P|
nonempty mutually disjoint subsets Xi ⊂ Y . Hereupon solutions of cluster expansions (90)
Gs(t, Y ) =
∑
P : Y =
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
F|Xi|(t, Xi), s ≥ 1, (91)
are interpreted as the operators that describe correlations of many-particle systems. Thus,
marginal correlation operators (91) are cumulants (semi-invariants) of the marginal density
operators. It is obvious that definition (89) follows from (91) in consequence of definition (72)
and relations (52) between correlation operators of particle clusters and correlation operators
of particles.
The evolution of all possible states of quantum many-particle systems obeying the Maxwell-
Boltzmann statistics with the Hamiltonian (3) can be described within the framework of
marginal correlation operators governed by the nonlinear quantum BBGKY hierarchy
d
dt
Gs(t, Y ) = N (Y | G(t)) + Trs+1
∑
i∈Y
(−Nint(i, s+ 1))
(
Gs+1(t, Y, s+ 1) + (92)
+
∑
P : (Y, s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
G|X1|(t, X1)G|X2|(t, X2)
)
,
Gs(t, Y )
∣∣
t=0
= G0s(Y ), s ≥ 1. (93)
In equation (92) the operator N (Y |G(t)) is generator of the von Neumann hierarchy (36)
defined by
N (Y | G(t))
.
= −Ns(Y )Gs(t, Y ) + (94)
+
∑
P:Y=X1
⋃
X2
∑
i1∈X1
∑
i2∈X2
(−Nint(i1, i2))G|X1|(t, X1)G|X2|(t, X2),
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where
∑
P: Y=X1
⋃
X2
is the sum over all possible partitions P of the set Y ≡ (1, . . . , s) into two
nonempty mutually disjoint subsets X1 ⊂ Y and X2 ⊂ Y , and
∑
P : (Y, s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
is the
sum over all possible partitions of the set (Y, s+ 1) into two mutually disjoint subsets X1 and
X2 such that i particle belongs to the subset X1 and s + 1 particle belongs to X2.
We note that in case of many-body interaction potentials (32) hierarchy (92) has the form
d
dt
Gs(t, Y ) = N (Y | G(t)) + (95)
+
∞∑
n=1
n∑
k=1
s∑
1=j1<...<jk
Trs+1,...,s+1+n−k(−N
(n+1)
int (j1, . . . , jk, s+ 1, . . . , s+ 1 + n− k))×
×
∑
P : (1, . . . , s+ 1 + n− k) =
⋃
i=1Xi,
Xi 6⊆ Y \(j1, . . . , jk), |P| ≤ n+ 1
∏
Xi⊂P
G|Xi|(t, Xi),
where we use notations accepted above.
The nonlinear quantum BBGKY hierarchy (92) is derived on basis of the von Neumann
hierarchy for correlation operators (33) according to definition (89) or on basis of the quantum
BBGKY hierarchy for marginal density operators (73) according to cluster expansions (90).
The evolution of marginal correlation operators of both finitely and infinitely many quantum
particles is described by initial-value problem of the nonlinear quantum BBGKY hierarchy (92).
For finitely many particles the nonlinear quantum BBGKY hierarchy is equivalent to the von
Neumann hierarchy (33).
To construct a nonperturbative solution of the Cauchy problem (92)-(93) of the nonlinear
quantum BBGKY hierarchy we first consider in capacity of initial data the marginal correlation
operators satisfying a chaos property. In terms of marginal correlation operators (89) a chaos
property means that
G0s(1, . . . , s) = g
0
1(1)δs,1, s ≥ 1, (96)
where δs,1 is a Kronecker symbol. Taking into account the structure of a solution (38) of the
von Neumann hierarchy (33) in case of initial data (37), from expansion (89) we obtain
Gs(t, 1, . . . , s) =
∞∑
n=0
1
n!
Trs+1,...,s+nAs+n(−t, 1, . . . , s+ n)
s+n∏
i=1
g01(i), , s ≥ 1,
where As+n(−t) is the (s+n)th-order cumulant (39) of groups of operators (15). In consequence
of equality (96) we finally derive
Gs(t, 1, . . . , s) =
∞∑
n=0
1
n!
Trs+1,...,s+nAs+n(−t, 1, . . . , s+ n)
s+n∏
i=1
G01(i). (97)
Since estimate (42) holds, series (97) converges provided that ‖G1(0)‖L1(H) ≤ (2e)
−1.
Thus, the cumulant structure of solution (44) of the von Neumann hierarchy (33) induces
the cumulant structure of expansion solution (97) of the initial-value problem of the nonlinear
quantum BBGKY hierarchy for marginal correlation operators.
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We emphasize that in case of chaos initial data solution expansion (77) of the quantum
BBGKY hierarchy (73) for marginal density operators differs from solution expansion (97) of
the nonlinear quantum BBGKY hierarchy (92) for marginal correlation operators only by the
order of the cumulants of the groups of operators of the von Neumann equations [28], [41]
Fs(t, Y ) =
∞∑
n=0
1
n!
Trs+1,...,s+nA1+n(−t, {Y }, X \ Y )
s+n∏
i=1
F 01 (i), s ≥ 1, (98)
where the operator A1+n(t) is (1 + n)th-order cumulant (78). Series (98) converges under the
condition that: ‖F1(0)‖L1(H) ≤ e
−1.
Let us construct a nonperturbative solution expansion of the Cauchy problem (92)- (93)
in the case of general initial data. According to definition (89) of the marginal correlation
operators, i.e.
G(t) = eag(t),
where the operator ea is defined by (83) and the sequence g(t) is a solution of the von Neumann
hierarchy defined by group (48), i.e.
g(t) = G(t | g(0)), (99)
and the equality: g(0) = e−aG(0), we finally derive
G(t) = eaG(t | e−aG(0)). (100)
Thus, a solution of the Cauchy problem of the nonlinear quantum BBGKY hierarchy for
marginal correlation operators is defined by the following one-parametric mapping
R ∋ t→ U(t | f) = eaG(t | e−af),
which is defined on the space L1(FH) and has the group property. On the subspaces L10(Hs) ⊂
L1(Hs), s ≥ 1, the infinitesimal generator B(Y |f) of this group is defined by the operator
B(Y | f)
.
= N (Y | f) + Trs+1
∑
i∈Y
(−Nint(i, s+ 1))
(
fs+1(t, Y, s+ 1) +
+
∑
P : (Y, s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
f|X1|(t, X1)f|X2|(t, X2)
)
,
where the same notations as for formula (92) have been used.
To set down formula (100) in componentwise form, we observe that the following equality
holds
∏
Xi⊂P
(e−aG(0))|Xi|(Xi) =
∞∑
k=0
(−1)k
k!
Trs+n+1,...,s+n+k
k∑
k1=0
k!
k1!(k − k1)!
. . .
. . .
k|P|−2∑
k|P|−1=0
k|P|−2!
k|P|−1!(k|P|−2 − k|P|−1)!
G0|X1|+k−k1(X1, s+ n + 1, . . . , s+ n + k − k1) . . .
. . .×G0|X|P||+k|P|−1(X|P|, s+ n+ k − k|P|−1 + 1, . . . , s+ n+ k).
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Then in view of definitions (83) and (48), we have
Gs(t, Y ) =
∞∑
n=0
1
n!
Trs+1,...,s+n
∑
P: (Y,s+1,...,s+n)=
⋃
iXi
A|P|(−t, {X1}, . . . , {X|P|})×
×
∏
Xi⊂P
(e−aG(0))|Xi|(Xi),
and as a result we derive a solution expansion of the nonlinear quantum BBGKY hierarchy [42]
Gs(t, Y ) =
∞∑
n=0
1
n!
Trs+1,...,s+n U1+n(t; {Y }, s+ 1, . . . , s+ n | G(0)), s ≥ 1, (101)
where the (1 + n)th-order reduced cumulant U1+n(t) of groups (48) has been introduced
U1+n(t; {Y }, s+ 1, . . . , s+ n | G(0))
.
= (102)
.
=
n∑
k=0
(−1)k
n!
k!(n− k)!
∑
P: (1,...,s+n−k)=
⋃
iXi
A|P|(−t, {X1}, . . . , {X|P|})×
×
k∑
k1=0
k!
k1!(k − k1)!
. . .
k|P|−2∑
k|P|−1=0
k|P|−2!
k|P|−1!(k|P|−2 − k|P|−1)!
G0|X1|+k−k1(X1,
s+ n− k + 1, . . . , s+ n− k1) . . .G
0
|X|P||+k|P|−1
(X|P|, s+ n− k|P|−1 + 1, . . . , s+ n).
Let us indicate some properties of reduced cumulants (102) of groups of operators (48). In
case of n = 0, first order reduced cumulant (102) has the form
U1(t; {Y } | f) =
∑
P: Y=
⋃
iXi
A|P|(−t, {X1}, . . . , {X|P|})
∏
Xi⊂P
f|Xi|(Xi),
i.e. it is the group of operators (48). Its infinitesimal generator coincides with generator of the
von Neumann hierarchy (36)
lim
t→0
1
t
(U1(t; {Y } | f)− fs(Y )) = N (Y | f), s ≥ 1,
for f ∈ L1(FH) in the sense of the norm convergence of the space L1(Hs), where the operator
N (Y | f) is defined by formula (94).
In case of n = 1 for second order reduced cumulant (102) in the same sense we obtain the
following equality
Trs+1 lim
t→0
1
t
U2(t; {Y }, s+ 1 | f) =
∑
i∈Y
Trs+1(−Nint(i, s+ 1))
(
fs+1(t, Y, s+ 1) +
+
∑
P : (Y, s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
f|X1|(t, X1)f|X2|(t, X2)
)
,
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where notations are used as above for hierarchy (92), and for n ≥ 2 as a consequence of the
fact that we consider a system of particles interacting by a two-body potential, it holds
Trs+1,...,s+n lim
t→0
1
t
U1+n(t; {Y }, s+ 1, . . . , s+ n | f) = 0.
According to the estimate∥∥A|P|(−t, {X1}, . . . , {X|P|})fn∥∥L1(Hn) ≤ |P|! e|P|∥∥fn∥∥L1(Hn),
on the space L1(Hs), series (101) converges provided that maxn≥1
∥∥G0n∥∥L1(Hn) < (2e3)−1.
For abstract initial-value problem for hierarchy (92) on the space of sequences of trace-class
operators L1(FH) the following statement is true [42].
Theorem 6. If maxn≥1
∥∥G0n∥∥L1(Hn) < (2e3)−1, then for t ∈ R a solution of the initial-value
problem (92)-(93) of the nonlinear quantum BBGKY hierarchy is determined by expansion
(101). If G0n ∈ L
1
0(Hn) ⊂ L
1(Hn) it is a strong (classical) solution and for arbitrary initial data
G0n ∈ L
1(Hn) it is a weak (generalized) solution.
We note also that in case of many-particle systems obeying quantum statistics, i.e. many-
particle systems of fermions or bosons the nonlinear quantum BBGKY hierarchy for marginal
correlation operators has the form
d
dt
Gs(t, Y ) = N (Y |G(t)) + Trs+1
∑
i∈Y
(−Nint(i, s+ 1))
(
Gs+1(t, Y, s+ 1) +
+
∑
P : (Y, s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
S±s+1G|X1|(t, X1)G|X2|(t, X2)
)
, s ≥ 1,
where N (Y |G(t)) is generator (54) of the von Neumann hierarchy of fermions or bosons and
the operator S±s+1 is defined by formula (2).
We emphasize that the evolution of marginal correlation operators of both finitely and in-
finitely many quantum particles is described by initial-value problem of the nonlinear quantum
BBGKY hierarchy (92). For finitely many particles the nonlinear quantum BBGKY hierarchy
is equivalent to the von Neumann hierarchy (33)).
5 The origin of the quantum kinetic evolution
It is well known [1, 3] that in certain situations the collective behavior of many-particle sys-
tems can be adequately described by the kinetic equations, i.e. by evolution equations for a
one-particle marginal density operator. In this section we discuss the problem of potentialities
inherent in the description of the evolution of states of many-particle systems in terms of a
one-particle density operator or more exactly the problem of an equivalence of the hierarchies
of quantum evolution equations and quantum kinetic equations. We demonstrate that in fact,
if initial data is completely defined by a one-particle marginal density operator, then all pos-
sible states of infinite-particle systems at arbitrary moment of time can be described within
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the framework of a one-particle density operator and the marginal functionals of such states
without any approximations [36], [43]. By other words the state described in terms of the
sequence F (t) = (1, F1(t), . . . , Fs(t), . . .) of marginal density operators can be described within
the framework of the sequence F (t | F1(t)) = (1, F1(t), F2(t | F1(t)), . . . , Fs(t | F1(t)), . . .) of ex-
plicitly defined marginal functionals Fs(t | F1(t)), s ≥ 2, of the solution F1(t) of the generalized
quantum kinetic equation.
Thus, in this section the origin of the microscopic description of quantum many-particle
systems by means of kinetic equations is considered.
5.1 The generalized quantum kinetic equation
We consider the Cauchy problem of the quantum BBGKY hierarchy (73) with initial data
F (t)|t=0 = F (c) ≡ (F 01 (1), . . . ,
∏s
i=1F
0
1 (i), . . .), which is intrinsic for the kinetic description
of many-particle systems because in this case all possible states are characterized by means
of a one-particle marginal density operator. Then we deal with initial value problem of the
quantum BBGKY hierarchy (73) which is not completely well-defined Cauchy problem, because
the generic initial data F (c), is not independent for every unknown marginal density operator
Fs(t, 1, . . . , s), s ≥ 1, from the hierarchy of equations. Consequently such initial-value problem
can be naturally reformulated as the new Cauchy problem for a one-particle density operator,
that corresponds to the independent initial one-particle density operator and the sequence of
explicitly defined marginal functionals of the state Fs
(
t, 1, . . . , s | F1(t)
)
, s ≥ 2, of the solution
F1(t) of such Cauchy problem [36].
Let us formulate the restated Cauchy problem and a sequence of the marginal functionals
of the state which describe the evolution of all possible states of quantum many particles in an
equivalent way as compared with the quantum BBGKY hierarchy.
The one-particle density operator F1(t) is governed by the following initial-value problem of
the generalized quantum kinetic equation [36]
d
dt
F1(t, 1) = −N (1)F1(t, 1) + (103)
+Tr2(−Nint(1, 2))
∞∑
n=0
1
n!
Tr3,...,n+2V1+n(t, {1, 2}, 3, . . . , n+ 2)
n+2∏
i=1
F1(t, i),
F1(t, 1)|t=0 = F
0
1 (1), (104)
where the operator Nint(1, 2) is defined by formula (75), and the (1 + n)th-order generated
evolution operator V1+n(t), n ≥ 0, is defined as follows (in case of s = 2 for Y ≡ (1, . . . , s) and
X \ Y ≡ (s+ 1, . . . , s+ n))
V1+n(t, {Y }, X \ Y )
.
=
n∑
k=0
(−1)k
n∑
n1=1
. . .
n−n1−...−nk−1∑
nk=1
n!
(n− n1 − . . .− nk)!
× (105)
×Â1+n−n1−...−nk(t, {Y }, s+ 1, . . . , s+ n− n1 − . . .− nk)×
Theory of quantum evolution equations 37
×
k∏
j=1
∑
Dj : Zj =
⋃
lj
Xlj ,
|Dj | ≤ s+ n− n1 − · · · − nj
1
|Dj|!
s+n−n1−...−nj∑
i1 6=...6=i|Dj |=1
∏
Xlj⊂Dj
1
|Xlj |!
Â1+|Xlj |
(t, ilj , Xlj).
In expansion (105) we denote by
∑
Dj :Zj=
⋃
lj
Xlj
is the sum over all possible dissections of the
linearly ordered set Zj ≡ (s + n − n1 − . . .− nj + 1, . . . , s + n − n1 − . . . − nj−1) on no more
than s+ n− n1− . . .− nj linearly ordered subsets and Â1+n(t) is the (1 + n)th-order cumulant
Â1+n(t, {Y }, X \ Y ) =
∑
P :({Y },X\Y )=
⋃
iXi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
Ĝ|θ(Xi)|(t, θ(Xi)),
of the scattering operators (47)
Ĝn(t) = Gn(−t, 1, . . . , n)
n∏
i=1
G1(t, i), n ≥ 1.
The series of collision integral (103) converges under the condition: ‖F1(t)‖L1(H) < e
−8 [39].
The marginal functionals of the state Fs
(
t, 1, . . . , s | F1(t)
)
, s ≥ 2, are represented by the
following expansions over products of the solution F1(t) of the Cauchy problem (103)-(104)
Fs(t, Y | F1(t))
.
=
∞∑
n=0
1
n!
Trs+1,...,s+nV1+n(t, {Y }, X \ Y )
s+n∏
i=1
F1(t, i), (106)
where the (1+n)th-order generated evolution operator V1+n(t), n ≥ 0, is defined by expansion
(105). The marginal functionals of the state are represented by converged series (106) under
the condition that: ‖F1(t)‖L1(H) < e
−(3s+2) [39].
We observe that the kinetic dynamics of states is described in terms of cumulants of scattering
operators (47) in contrast to the evolution of states described by the quantum BBGKY hierarchy
(73). We give a few examples of the generated evolution operators Vn, n ≥ 1, of the lower
orders
V1(t, {Y }) = Â1(t, {Y }), (107)
V2(t, {Y }, s+ 1) = Â2(t, {Y }, s+ 1)− Â1(t, {Y })
s∑
i=1
Â2(t, i, s+ 1).
It should be emphasized that in case under consideration, i.e. in case of the absence of cor-
relations at initial time, the correlations generated by the dynamics of a system are completely
governed by evolution operators (105).
Typical properties for the kinetic description of the evolution of constructed marginal func-
tionals of the state (106) are induced by the properties of generated evolution operators (105).
Let us indicate some intrinsic properties of the evolution operators V1+n(t), n ≥ 0, representa-
tive for cumulants (semi-invariants) of groups of operators.
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First of all we observe that they are solutions of the following recursive relations (the kinetic
cluster expansions, which are in some sense analog of equilibrium virial expansions) [36]
A1+n(−t, {Y }, s+ 1, . . . , s+ n) = (108)
=
n∑
n1=0
n!
(n− n1)!
V1+n−n1(t, {Y }, s+ 1, . . . , s+ n− n1)
∑
D : Z =
⋃
kXk,
|D| ≤ s+ n− n1
1
|D|!
×
×
s+n−n1∑
i1 6=...6=i|D|=1
∏
Xk⊂D
1
|Xk|!
A1+|Xk |(−t, ik, Xk)
s+n−n1∏
m = 1,
m 6= i1, . . . , i|D|
A1(−t,m),
where
∑
D:Z=
⋃
lXl, |D|≤s+n−n1
is the sum over all possible dissections D of the linearly ordered
set Z ≡ (s+ n− n1 + 1, . . . , s+ n) on no more than s + n− n1 linearly ordered subsets.
Since in case of a system of non-interacting particles for scattering operators (47) the equality
holds: Ĝn(t) = I, where I is a unit operator, then we have
V1+n(t) = Iδn,0,
where δn,0 is a Kronecker symbol. Similarly, at initial time t = 0 it is true: V1+n(0) = Iδn,0.
The infinitesimal generator of the first-order generated evolution operator (105) is defined
by the following limit in the sense of the norm convergence in the space L1(Hn)
lim
t→0
1
t
(V1(t, {1, . . . , n})− I)fn =
n∑
i<j=1
(−Nint(i, j))fn,
where the operator (−Nint(i, j)) is defined by formula (59). In general case, i.e. n ≥ 2, in
the sense of the norm convergence on the space L1(Hn) for the n-order generated evolution
operator (105) it holds
lim
t→0
1
t
Vn(t, 1, . . . , n)fn = 0.
Before constructing a solution of initial-value problem (103)-(104) in the space L1(H) we
generalize kinetic equation (103) for particles interacting via many-body interaction potentials
Φ(n), n ≥ 1. In this case the generalized quantum kinetic equation has the form
d
dt
F1(t, 1) = −N (1)F1(t, 1) +
∞∑
n=1
n∑
k=1
1
(n− k)!
1
k!
Tr2,...,n+1(−N
(k+1)
int )(1, (109)
. . . , k + 1)V1+n−k(t, {1, . . . , k + 1}, k + 2, . . . , n+ 1)
n+1∏
i=1
F1(t, i),
where V1+n−k(t), is the (1 + n − k)th-order generated evolution operator (105) and notations
(59),(60) are used. The collision integral in the generalized quantum kinetic equation (109) is
defined by the convergent series under condition that ‖F1(t)‖L1(H) < e
−8 [36].
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For the sake of a comparison of the structure of various collision integral components in
(109) we give expressions of the collision integral term describing a two-body interaction and
three particle correlations
Tr2,3(−N
(2)
int )(1, 2)V2(t, {1, 2}, 3)F1(t, 1)F1(t, 2)F1(t, 3),
and the collision integral term describing a three-body interaction
1
2!
Tr2,3(−N
(3)
int )(1, 2, 3)V1(t, {1, 2, 3})F1(t, 1)F1(t, 2)F1(t, 3),
where the evolution operators V2(t, {1, 2}, 3) and V1(t, {1, 2, 3}) are defined by (105).
For the Cauchy problem (109)-(104) (or (103)-(104)) on the space L1(H) the following state-
ment is true.
Theorem 7. The global in time solution of initial-value problem (109)-(104) is determined by
the following expansion
F1(t, 1) =
∞∑
n=0
1
n!
Tr2,...,1+n A1+n(−t, 1, . . . , n+ 1)
n+1∏
i=1
F 01 (i), (110)
where the cumulants A1+n(−t), n ≥ 0, are defined by formula (78). If ‖F
0
1 ‖L1(H) < (e(1+e
9))−1,
then for F 01 ∈ L
1
0(H) it is a strong (classical) solution and for an arbitrary initial data F
0
1 ∈
L1(H) it is a weak (generalized) solution.
In section 4 the relationships of the evolution of observables and quantum states described
in terms of marginal density operators have been considered in the general case. In case of
initial states specified by a one-particle marginal density operator, the dual BBGKY hierarchy
describes the dual picture of the evolution to the picture of the evolution of states governed
by the generalized quantum kinetic equation and an infinite sequence of explicitly defined
functionals of a solution of such evolution equation. In fact, the following equality is true
(B(t), F (c)) =
(
B(0), F (t | F1(t))
)
, (111)
where the initial state F c is given as above, the sequence B(t) defined by expansion (63) and
F (t | F1(t)) = (1, F1(t), F2(t | F1(t)), . . . , Fs(t | F1(t)), . . .) is a sequence of marginal functionals
of the state (106) with the first element F1(t) given by series (110).
To verify equality (111) we transform functional 〈B(t)|F (c)〉 as follows
(B(t), F (c)) =
∞∑
s=0
1
s!
Tr1,...,sB
0
s (1, . . . , s)× (112)
×
∞∑
n=0
1
n!
Trs+1,...,s+nA1+n(−t, {Y }, s+ 1, . . . , s+ n)
s∏
i=1
F 01 (i),
where the (1+n)th-order cumulant A1+n(−t, {Y }, s+1, . . . , s+n) is defined by (78). For F 01 ∈
L1(H) and B0s ∈ L(Hs) obtained functional (112) exists under the condition ‖F
0
1 ‖L1(H) < e
−7.
Then we expand the cumulants A1+n(−t) over the new evolution operators V1+n(t), n ≥ 0,
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into the kinetic cluster expansions (108). Representing series over the summation index n and
the sum over the summation index n1 in functional (112) as the two-fold series and identifying
the series over the summation index n1 with the products of one-particle density operators
∞∑
n1=0
Trs+n+1,...,s+n+n1
∑
D : Z =
⋃
kXk,
|D| ≤ s+ n
s+n∑
i1<...<i|D|=1
∏
Xk⊂D
1
|Xk|!
× (113)
×A1+|Xk |(−t, ik, Xk)
s+n∏
l = 1,
l 6= i1, . . . , i|D|
A1(−t, l)
n+s+n1∏
j=1
F 01 (j) =
s+n∏
i=1
F1(t, i),
we transform functional (112) to the form in terms of marginal functionals of the state (106).
Thus, equality (111) holds.
In a particular case of the additive-type marginal observables B(1)(t) given by (66) equality
(111) is reduced to the form
(B(1)(t), F (c)) = Tr1 a1(1)F1(t, 1),
where the one-particle marginal density operator F1(t) is represented by the expansion
F1(t, 1) =
∞∑
n=0
1
n!
Tr2,...,1+n A1+n(−t, 1, . . . , n+ 1)
n+1∏
i=1
F 01 (i),
which coincides with solution (110) of the Cauchy problem (103)-(104). Hence for additive-
type marginal observables the generalized quantum kinetic equation (103) is dual to the dual
quantum BBGKY hierarchy (57) with respect to bilinear form (71).
Let us derive the evolution equation, which satisfies obtained expansion for the one-particle
marginal density operator F1(t). Taking into account equality (13) and observing the validity
of equality (79) for cumulants of groups (15), we differentiate over the time variable in the sense
of pointwise convergence on the space L1(H) obtained expansion for F1(t). As result it holds
d
dt
F1(t, 1) = −N1(1)F1(t, 1) + (114)
+Tr2(−Nint(1, 2))
∞∑
n=0
1
n!
Tr3,...,n+2A1+n(t, {1, 2}, 3, . . . , n+ 2)
n+2∏
i=1
F 01 (i).
In the second summand in the right-hand side of equality (114) we expand cumulants (78)
of groups (15) into kinetic cluster expansions (108) and represent series over the summation
index n and the sum over the summation index n1 as the two-fold series. Then the following
equalities take place
∞∑
n=0
1
n!
Tr2,...,n+2(−Nint(1, 2))A1+n(t, {1, 2}, 3, . . . , n+ 2)
n+2∏
i=1
F 01 (i) =
=
∞∑
n=0
1
n!
Tr2,...,n+2(−Nint(1, 2))
n∑
n1=0
n!
(n− n1)!
V1+n−n1(t, {1, 2}, 3, . . . , n+ 2− n1)×
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×
∑
D:Z=
⋃
lXl
1
|D|!
n+2−n1∑
i1 6=...6=i|D|=1
∏
Xl⊂D
1
|Xl|!
A1+|Xl|(t, il, Xl)
2+n−n1∏
m = 1,
m 6= i1, . . . , i|D|
A1(t,m)
n+2∏
i=1
F 01 (i) =
= Tr2(−Nint(1, 2))
∞∑
n=0
1
n!
Tr3,...,n+2V1+n(t, {1, 2}, 3, . . . , n+ 2)
∞∑
n1=0
∑
D:Z′=
⋃
lXl
1
|D|!
×
×
n+2∑
i1 6=...6=i|D|=1
∏
Xl⊂D
1
|Xl|!
A1+|Xl|(t, il, Xl)
n+2∏
m = 1,
m 6= i1, . . . , i|D|
A1(t,m)
n+2+n1∏
i=1
F 01 (i),
where Z ≡ (n+3−n1, . . . , n+2) and Z
′
≡ (n+3, . . . , n+2+n1) are linearly ordered sets and
the notations accepted above are used. Consequently, in case of s = 2 applying to the obtained
expression formula (113), from equality (114) we derive
d
dt
F1(t, 1) = −N1(1)F1(t, 1) +
+Tr2(−Nint(1, 2))
∞∑
n=0
1
n!
Tr3,...,n+2V1+n(t, {1, 2}, 3, . . . , n+ 2)
n+2∏
i=1
F1(t, i).
Constructed identity for a one-particle (marginal) density operator defined by expansion (110)
we treat as the evolution equation, which governs the one-particle states of many-particle
quantum systems.
We remark that one more approach to the derivation of the generalized quantum kinetic
equation consists in its construction on the basis of dynamics of correlations [41], [28].
Thus, in case of initial data F (c) ≡ (F 01 (1), . . . ,
∏s
i=1F
0
1 (i), . . .), which is completely charac-
terized by the one-particle marginal density operator F 01 , solution (63) of the Cauchy problem
(57)-(58) of the dual quantum BBGKY hierarchy for marginal observables and a solution of
the Cauchy problem of the generalized kinetic equation (103)-(104) together with marginal
functionals of the state (106) give two equivalent approaches to the description of the evolution
of quantum many-particle systems.
We note also that in case of many-particle systems obeying the Fermi-Dirac and Bose-
Einstein statistics the generalized quantum kinetic equation has the form [37]
d
dt
F1(t, 1) = −N (1)F1(t, 1) +
+Tr2(−Nint(1, 2))
∞∑
n=0
1
n!
Tr3,...,n+2V1+n(t, {1, 2}, 3, . . . , n+ 2)S
±
n+2
n+2∏
i=1
F1(t, i),
where the operator S±s is defined by (2), and the marginal functionals of the states are repre-
sented by the series
Fs(t, Y | F1(t))
.
=
∞∑
n=0
1
n!
Trs+1,...,s+nV1+n(t, {Y }, X \ Y )S
±
s+n
s+n∏
i=1
F1(t, i),
where the (1 + n)th-order generated evolution operator V1+n(t), n ≥ 0, is determined by
expansion (105).
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5.2 The marginal functionals of correlations
Within the framework of the description of states in terms of marginal correlation operators (91)
the marginal correlation functionals Gs
(
t, Y | F1(t)
)
, s ≥ 2, are represented by the expansions
similar to (106), namely
Gs(t, Y | F1(t)) = (115)
=
∞∑
n=0
1
n!
Trs+1,...,s+nV1+n(t, θ({Y }), s+ 1, . . . , s+ n)
s+n∏
i=1
F1(t, i),
where it is used the notion of declasterization mapping (43). Hence in contrast to expansion
(106) the n term of expansions (115) of marginal correlation functionals Gs(t, Y | F1(t)) is
governed by (1 + n)th-order evolution operator (105) of the (s + n)th-order cumulants of the
scattering operators, for example, as compared with (107) the lower order evolution operators
V1+n(t, θ({Y }), s+ 1, . . . , s+ n), n ≥ 0, have the form
V1(t, θ({Y })) = Âs(−t, θ({Y }),
V2(t, θ({Y }), s+ 1) =
= Âs+1(−t, θ({Y }), s+ 1)− Âs(−t, θ({Y }))
s∑
i=1
Â2(−t, i, s+ 1),
and in case of s = 2, it holds
V1(t, θ({1, 2})) = Ĝ2(t, 1, 2)− I,
where Ĝ2(t, 1, 2) is scattering operator (47).
We indicate that expansions (106) of marginal functionals of the state are nonequilibrium
analog of the Mayer-Ursell expansions over powers of the density of equilibrium marginal density
operators.
Within the framework of the description of states by marginal functionals of the state (106)
the average value, for example, of the additive-type marginal observable B(1) = (0, a1(1), 0, . . .)
is given by the functional 〈
B(1)
〉
(t) = Tr1 a1(1)F1(t, 1), (116)
i.e. it is defined by a solution of the generalized quantum kinetic equation (103), or in general
case of the s-ary marginal observable B(s) = (0, . . . , 0, as(1, . . . , s), 0, . . .) by the functional〈
B(s)
〉
(t) =
1
s!
Tr1,...,s as(1, . . . , s)Fs(t, 1, . . . , s | F1(t)), s ≥ 2,
where Fs(t, 1, . . . , s | F1(t)) is the marginal functional of the state (106). For B(s) ∈ L(FH) and
F1(t) ∈ L1(H) these functionals exist.
The dispersion of an additive-type observable is defined by a solution of the generalized
quantum kinetic equation (103) and marginal correlation functionals (115) as follows〈(
B(1) −
〈
B(1)
〉
(t)
)2〉
(t) =
= Tr1
(
a21(1)−
〈
B(1)
〉2
(t)
)
F1(t, 1) + Tr1,2 a1(1)a1(2)G2(t, 1, 2 | F1(t)),
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where the functional 〈B(1)〉(t) is determined by expression (116).
We note that the dispersion of observables is minimal for states characterized by marginal
correlation functionals (115) equals to zero, i.e. from macroscopic point of view the evolution
of many-particle states with the minimal dispersion is the Markovian kinetic evolution. In
fact functionals (115) or (106) characterize the correlations of states of quantum many-particle
systems. We illustrate close links of functionals (115) and (106) in the following way
F2(t, 1, 2 | F1(t)) = F1(t, 1)F1(t, 2) +G2(t, 1, 2 | F1(t)).
Basically this equality gives the classification of all possible currently in use scaling limits. In
the scaling limits it is assumed that chaos property of initial state preserves in time, i.e. the
scaling limit means such limit of dimensionless parameters of a system in which the marginal
correlation functional G2(t, 1, 2 | F1(t)) vanishes. According to definition (115), it is possible,
if every finite particle cluster moves without collisions.
Finally we point out the relationship of generalized quantum kinetic equation (103) and the
specific quantum kinetic equations. The last can be derived from the generalized quantum
kinetic equation in the appropriate scaling limits [22] or as a result of certain approximations.
Let us consider first two terms of expansion (106). If an interaction potential in (3) is a bounded
operator and fs+1 ∈ L
1(Hs+1), then for the second-order cumulant of scattering operators (47)
an analog of the Duhamel equation holds
Â2(t, {Y }, s+ 1)fs+1 =
∫ t
0
dτ Gs(−τ, Y )G1(−τ, s+ 1)
s∑
i1=1
(−Nint(i1, s+ 1))×
×Ĝs+1(τ − t, Y, s+ 1)
s+1∏
i2=1
G1(τ, i2)fs+1,
and, consequently, for the second-order evolution operator V2(t, {Y }, s+ 1) we have
V2(t, {Y }, s+ 1)fs+1
.
=
(
Â2(t, {Y }, s+ 1)− Â1(t, {Y })
s∑
i1=1
Â2(t, i1, s+ 1)
)
fs+1 =
=
∫ t
0
dτ Gs(−τ, Y )G1(−τ, s + 1)
( s∑
i1=1
(−Nint(i1, s+ 1))Ĝs+1(τ − t, Y, s+ 1)−
−Ĝs(τ − t, Y )
s∑
i1=1
(−Nint(i1, s+ 1))Ĝ2(τ − t, i1, s+ 1)
) s+1∏
i2=1
G1(τ, i2)fs+1.
Observing that in the kinetic (macroscopic) scale of the variation of variables [2] the groups of
operators (7) of finitely many particles depend on microscopic time variable ε−1t, where ε ≥ 0
is a scale parameter, the dimensionless marginal functionals of the state are represented in the
form: Fs
(
ε−1t, Y | F1(t)
)
. Then in the limit ε → 0 the first two terms of the dimensionless
marginal functional expansions (106)
Ĝs(ε
−1t, Y )
s∏
i=1
F1(t, i)+
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+
∫ ε−1t
0
dτ Gs(−τ, Y )Trs+1
( s∑
i1=1
(−Nint(i1, s+ 1))Ĝs+1(ε
−1t, Y, s+ 1)−
−Ĝs(ε
−1t, Y )
s∑
i1=1
(−Nint(i1, s+ 1))Ĝ2(ε
−1t, i1, s+ 1)
) s+1∏
i2=1
G1(τ, i2)F1(t, i2)
coincide with corresponding terms constructed by the perturbation method with the use of the
weakening of correlation condition by Bogolyubov [1]. Thus, in the kinetic scale the collision
integral of the generalized kinetic equation (103) takes the form of Bogolyubov’s collision in-
tegral [1] and we observe that in a space homogeneous case the collision integral of the first
approximation has a more general form than the quantum Boltzmann collision integral.
5.3 On quantum kinetic equations in case of correlated initial data
We have proved that in case of initial data which is completely defined by a one-particle density
operator, all possible states of infinite-particle systems of bosons or fermions at an arbitrary
moment of time can be described within the framework of a one-particle density operator and
explicitly defined functionals of such operator without any approximations. One of the advan-
tages of this approach is the possibility to construct the kinetic equations in scaling limits in
the presence of correlations of particle states at initial time, for instance, correlations char-
acterizing the condensed states of interacting particles obeying Fermi-Dirac or Bose-Einstein
statistics [14].
Let us consider initial data
F (t)|t=0 =
(
F 01 (1), h2(1, 2)F
0
1 (1)F
0
1 (2), . . . , hn(1, ..., n)
∏n
i=1
F 01 (i), . . .
)
,
where the operators hn ∈ L1(Hn), n ≥ 2, are specified initial correlations. Such initial data
is typical for the condensed states of quantum gases, for example, the equilibrium state of the
Bose condensate satisfies the weakening of correlation condition with the correlations which
characterize the condensed state [3].
In the case under consideration the kinetic cluster expansions of cumulants of groups, i.e.
recurrence relations (108), take the form
A1+n(−t, {Y }, s+ 1, . . . , s+ n)h1+n({Y }, s+ 1, . . . , s+ n)
s+n∏
i=1
A1(t, i) = (117)
=
n∑
n1=0
n!
(n− n1)!
G1+n−n1(t, {Y }, s+ 1, . . . , s+ n− n1)
∑
Ds+n:Z=
⋃
iXi
s+n−n1∑
i1<i2<...<i|Ds+n|=1
|Ds+n|∏
k=1
1
|Xk|!
A1+|Xk|(t, ik, Xk)
|Ds+n|∏
k=1
h1+|Xk|(ik, Xk)A1(t, ik)
∏
j∈Z
A1(t, j),
where the notations of formula (108) are used. In terms of new evolution operators (the
(1 + n)th-order scattering cumulants)
A˘1+n(t, {Y }, X\Y ) = A1+n(−t, {Y }, X\Y )h1+n({Y }, X\Y )
s+n∏
i=1
A1(t, i),
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the solutions G1+n(t, {Y }, X\Y ), n ≥ 0, of recurrence relations (117) are represented by the
expansions
G1+n(t, {Y }, X \ Y )
.
= n!
n∑
k=0
(−1)k
n∑
n1=1
. . .
n−n1−...−nk−1∑
nk=1
1
(n− n1 − . . .− nk)!
× (118)
×A˘1+n−n1−...−nk(t, {Y }, s+ 1, . . . , s+ n− n1 − . . .− nk)×
×
k∏
j=1
∑
Dj : Zj =
⋃
lj
Xlj ,
|Dj | ≤ s+ n− n1 − · · · − nj
1
|Dj|!
s+n−n1−...−nj∑
i1 6=...6=i|Dj |=1
∏
Xlj⊂Dj
1
|Xlj |!
A˘1+|Xlj |
(t, ilj , Xlj ),
where
∑
Dj :Zj=
⋃
lj
Xlj
is the sum over all possible dissections of the linearly ordered set Zj ≡
(s+ n− n1 − . . .− nj + 1, . . . , s+ n− n1 − . . .− nj−1) on no more than s+ n− n1 − . . .− nj
linearly ordered subsets. For example,
G1(t, {Y }) = A˘1(t, {Y }) = A1(−t, {Y })h1({Y })
s∏
i=1
A1(t, i).
Therefore the one-particle density operator F1(t) is governed by the following generalized
quantum kinetic equation
d
dt
F1(t, 1) = −N (1)F1(t, 1) + (119)
+Tr2(−Nint(1, 2))
∞∑
n=0
1
n!
Tr3,...,n+2G1+n(t, {1, 2}, 3, . . . , n+ 2)
n+2∏
i=1
F1(t, i),
where the operator Nint(1, 2) is defined by formula (75), and the (1 + n)th-order generated
evolution operator G1+n(t), n ≥ 0, is defined by expansion (118). Correspondingly the marginal
functionals of the state are represented by the following expansions
Fs(t, Y | F1(t))
.
=
∞∑
n=0
1
n!
Trs+1,...,s+nG1+n(t, {Y }, X \ Y )
s+n∏
i=1
F1(t, i). (120)
Thus, the coefficients of generalized quantum kinetic equation (119) and generated evolu-
tion operators (118) of marginal functionals (120) are determined by the operators of initial
correlations.
6 On scaling limits of hierarchy solutions
The current point of view on the problem of the derivation of quantum kinetic equations from
underlaying many-particle dynamics consists in the following. Since the evolution of states
of infinitely many quantum particles is generally described by a sequence of marginal density
operators governed by the quantum BBGKY hierarchy, then the evolution of states can be
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effectively described by a one-particle density operator governed by the quantum kinetic equa-
tion in a suitable scaling limit [22, 23]. In this section the mean field (self-consistent field)
scaling asymptotic behavior of stated above solutions is established. The constructed asymp-
totics are governed by the quantum Vlasov hierarchy for limit marginal density operators and
limit solution of the generalized quantum kinetic equation [34], the nonlinear quantum Vlasov
hierarchy for limit marginal correlation operators and the dual quantum Vlasov hierarchy for
limit marginal observables, respectively [43]. In case of initial data satisfying a chaos prop-
erty [1], which means the absence of correlations at initial time, the constructed asymptotics
are governed by the Vlasov quantum kinetic equation. Moreover, within the framework of
the description of the evolution by the dual quantum BBGKY hierarchy or by the generalized
quantum kinetic equation it is possible to construct the kinetic equations in scaling limits in
case of presence of correlations at initial time, for instance, correlations which characterize the
condensate states [38].
6.1 A mean field limit of a solution of the dual quantum BBGKY
hierarchy
We consider the n-particle system with the Hamiltonian
Hn =
n∑
i=1
K(i) + ǫ
n∑
i1<i2=1
Φ(i1, i2), (121)
where ǫ > 0 is a scaling parameter. At first we construct the mean field scaling limit of a
solution of initial-value problem (57)-(58) of the dual quantum BBGKY hierarchy.
Let for initial data B0s ∈ L(Hs) there exists the scaling limit b
0
s ∈ L(Hs), i.e.
w∗− lim
ǫ→0
(ǫ−sB0s − b
0
s) = 0, (122)
then for arbitrary finite time interval there exists the mean field limit of solution (63) of the
Cauchy problem (57)-(58) of the dual quantum BBGKY hierarchy in the sense of the ∗-weak
convergence of the space L(Hs)
w∗− lim
ǫ→0
(ǫ−sBs(t)− bs(t)) = 0, s ≥ 1, (123)
which is defined by the expansion
bs(t, Y ) =
s−1∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtn G
0
s (t− t1)
s∑
i1 6=j1=1
Nint(i1, j1)G
0
s−1(t1 − t2) (124)
. . . G0s−n+1(tn−1 − tn)
s∑
in 6= jn = 1,
in, jn 6= (j1, . . . , jn−1)
Nint(in, jn)×
×G0s−n(tn)b
0
s−n(Y \(j1, . . . , jn)),
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where the following notation of the group of operators (7) of noninteracting particles is used
G0s−n+1(tn−1 − tn) ≡ G
0
s−n+1(tn−1 − tn, Y \(j1, . . . , jn−1)) =
=
∏
j∈Y \(j1,...,jn−1)
G1(tn−1 − tn, j).
Before to prove this statement we give some comments. If b(0) ∈ L(FH), the sequence
b(t) = (b0, b1(t), . . . , bs(t), . . .) of limit marginal observables (124) is a generalized global solution
of the initial-value problem of the dual quantum Vlasov hierarchy
d
dt
bs(t, Y ) =
s∑
i=1
N (i) bs(t, Y ) +
s∑
j1 6=j2=1
Nint(j1, j2) bs−1(t, Y \(j1)), (125)
bs(t) |t=0= b
0
s, s ≥ 1. (126)
This fact is proved similar to the case of an iteration series of the dual quantum BBGKY
hierarchy [40]. It should be noted that equations set (125) has the structure of recurrence
evolution equations. We make a few examples of the dual quantum Vlasov hierarchy (125) in
terms of operator kernels of the limit marginal observables
i
∂
∂t
b1(t, q1; q
′
1) = −
1
2
(−∆q1 +∆q′1)b1(t, q1; q
′
1),
i
∂
∂t
b2(t, q1, q2; q
′
1, q
′
2) = −
1
2
2∑
i=1
(−∆qi +∆q′i)b2(t, q1, q2; q
′
1, q
′
2) +
+
(
Φ(q′1 − q
′
2)− Φ(q1 − q2)
)(
b1(t, q1; q
′
1) + b1(t, q2; q
′
2)
)
.
Let us consider a particular case of observables, namely the mean field limit of the additive-
type marginal observables. In this case solution (63) of the dual quantum BBGKY hierarchy
(57) has the form (66). If for the additive-type observables B(1)(0) = (0, a1(1), 0, . . .) condition
(122) is satisfied, i.e. it holds
w∗− lim
ǫ→0
(ǫ−1a1(1)− b
0
1(1)) = 0,
then according to statement (123), we have
w∗− lim
ǫ→0
(ǫ−sB(1)s (t)− b
(1)
s (t)) = 0,
where the limit operator b
(1)
s (t) is defined by the expression
b(1)s (t, Y ) =
t∫
0
dt1 . . .
ts−2∫
0
dts−1 G
0
s (t− t1)
s∑
i1 6=j1=1
Nint(i1, j1)G
0
s−1(t1 − t2) (127)
. . . G02(ts−2 − ts−1)
s∑
is−1 6= js−1 = 1,
is−1, js−1 6= (j1, . . . , js−2)
Nint(is−1, js−1)×
×G01 (ts−1) b
0
1(Y \(j1, . . . , js−1)), s ≥ 1,
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as a special case of expansion (124). We give examples of expressions (127)
b
(1)
1 (t, 1) = G1(t, 1) b
0
1(1),
b
(1)
2 (t, 1, 2) =
t∫
0
dτ
2∏
i=1
G1(t− τ, i)Nint(1, 2)
2∑
j=1
G1(τ, j) b
0
1(j).
To establish the relationship of constructed mean field asymptotic behavior of marginal
observables with asymptotic behavior of marginal states we consider initial data satisfying the
factorization property or a chaos property [1], which means the absence of correlations at initial
time. For a system of identical particles, obeying the Maxwell-Boltzmann statistics, we have
F (t)|t=0 = F
(c) ≡ (F 01 (1), . . . ,
s∏
i=1
F 01 (i), . . .).
This assumption about initial data is intrinsic for the kinetic description of a gas, because in
this case all possible states are characterized only by a one-particle marginal density operator.
Let
lim
ǫ→0
∥∥ ǫF 01 − f 01 ∥∥L1(H) = 0, (128)
then the limit of initial state satisfies a chaos property too
f (c) ≡ (f 01 (1), . . . ,
s∏
i=1
f 01 (i), . . .). (129)
For b(t) ∈ Lγ(FH) and f 01 ∈ L
1(H), under the condition ‖f 01‖L1(H) < γ, the mean field limit of
mean value functional (71) exists and it is determined by the expansion
(b(t), f (c)) =
∞∑
s=0
1
s!
Tr1,...,s bs(t, 1, . . . , s)
s∏
i=1
f 01 (i).
In consequence of the validity of the following equality for the limit additive-type marginal
observables (127)
(b(1)(t), f (c)) =
∞∑
s=0
1
s!
Tr1,...,s b
(1)
s (t, 1, . . . , s)
s∏
i=1
f 01 (i) = (130)
= Tr1 b
0
1(1)f1(t, 1),
where the operator b
(1)
s (t) is given by expansion (127) and the one-particle limiting density
operator f1(t, 1) is determined by the series
f1(t, 1) =
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtn Tr2,...,n+1
1∏
i1=1
G1(−t + t1, i1)× (131)
×(−Nint(1, 2))
2∏
j1=1
G1(−t1 + t2, j1) . . .
n∏
in=1
G1(−tn + tn, in)×
×
n∑
kn=1
(−Nint(kn, n+ 1))
n+1∏
jn=1
G1(−tn, jn)
n+1∏
i=1
f 01 (i),
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we establish that operator (131) is a solution of the initial-value problem of the Vlasov quantum
kinetic equation
d
dt
f1(t, 1) = −N (1)f1(t, 1) + Tr2(−Nint(1, 2))f1(t, 1)f1(t, 2), (132)
f1(t)|t=0 = f
0
1 . (133)
Correspondingly, a chaos property in the Heisenberg picture of the evolution of quantum
many-particle systems is fulfilled. This fact follows from the equality for the limit k-ary marginal
observables, i.e. b(k)(0) = (0, . . . , b0k(1, . . . , k), 0, . . .),
(b(k)(t), f (c)) =
∞∑
s=0
1
s!
Tr1,...,s b
(k)
s (t, 1, . . . , s)
s∏
i=1
f 01 (i) = (134)
=
1
k!
Tr1,...,k b
0
k(1, . . . , k)
k∏
i=1
f1(t, i), k ≥ 2,
where the limit one-particle marginal density operator f1(t, i) is defined by expansion (131) and
therefore it is governed by the Cauchy problem (132)-(133).
Thus, in the mean field scaling limit an equivalent approach to the description of the kinetic
evolution of quantum many-particle systems in terms of the Cauchy problem (132)-(133) of the
Vlasov kinetic equation is given by the Cauchy problem (125)-(126) of the dual quantum Vlasov
hierarchy for the additive-type marginal observables. In case of the k-ary marginal observables
a solution of the dual quantum Vlasov hierarchy (125) is equivalent to the preservation of a
chaos property for k-particle marginal density operators in the sense of equality (134).
6.2 A mean field limit of a solution of the quantum BBGKY hier-
archy
Within the framework of the description of the evolution in terms of states the scaling mean field
limit of a nonperturbative solution of the Cauchy problem (73)-(74) of the quantum BBGKY
hierarchy in case of arbitrary initial data is stated as follows.
Let for initial data F 0s , f
0
s ∈ L
1(Hs) it holds
lim
ǫ→0
∥∥ǫsF 0s (1, . . . , s)− f 0s (1, . . . , s)∥∥L1(Hs) = 0, (135)
then for any finite time interval for solution (77) there exists the mean field limit
lim
ǫ→0
∥∥ǫsFs(t, 1, . . . , s)− fs(t, 1, . . . , s)∥∥L1(Hs) = 0, (136)
where the limiting operator fs(t) ∈ L1(Hs) is determined by the series
fs(t, 1, . . . , s) =
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtnTrs+1,...,s+n
s∏
j1=1
G1(−t + t1, j1)× (137)
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×
s∑
i1=1
(−Nint(i1, s+ 1))
s+1∏
l1=1
G1(−t1 + t2, l1) . . .
s+n−1∏
jn=1
G1(−tn−1 + tn, jn)
s+n−1∑
in=1
(−Nint(in, s+ n))
s+n∏
ln=1
G1(−tn, ln)f
0
s+n,
which is norm convergent on the space L1(FH) on finite time interval. Limiting marginal
operators (137) are governed by the limiting BBGKY hierarchy known as the quantum Vlasov
hierarchy
d
dt
fs(t) =
s∑
i=1
(−N (i))fs(t) +
s∑
i=1
Trs+1(−Nint(i, s+ 1))fs+1(t), s ≥ 1. (138)
The validity of this statement is the consequence of the following formulas on an asymp-
totic perturbation of cumulants of groups. If fs ∈ L1(Hs), then for the first-order cumulant
A1(−t, {Y }) the equality holds
lim
ǫ→0
∥∥(A1(−t, {Y })− s∏
j=1
G1(−t, j)
)
fs
∥∥
L1(Hs)
= 0, (139)
and in general case for n ≥ 1 we have
lim
ǫ→0
∥∥( 1
ǫn
1
n!
A1+n(−t, {Y }, s+ 1, . . . , s+ n)− (140)
−
t∫
0
dt1 . . .
tn−1∫
0
dtn
s∏
j1=1
G1(−t + t1, j1)
s∑
i1=1
(−Nint(i1, s+ 1))
s+1∏
l1=1
G1(−t1 + t2, l1) . . .
. . .
s+n−1∏
jn=1
G1(−tn−1 + tn, jn)
s+n−1∑
in=1
(−Nint(in, s+ n))
s+n∏
ln=1
G1(−tn, ln)
)
fs+n
∥∥
L1(Hs+n)
= 0.
for finite time interval.
Let us consider initial data satisfying the factorization property or a chaos property (129),
which means the absence of correlations at initial time. We observe that, if the initial data
satisfy the chaos property for particles obeying the Maxwell-Boltzmann statistics, then solution
expansion (137) of initial-value problem (138)-(129) of the Vlasov hierarchy is possessed of the
same property
fs(t, 1, . . . , s) =
s∏
j=1
f1(t, j), s ≥ 2, (141)
where f1(t, j) is defined by series (137) in case of s = 1 and initial data (129), i.e. (131),
which for bounded interaction potential is the norm convergent on the space L1(H) under the
condition
t < t0 ≡ (2 ‖Φ‖L(H2)‖f
0
1‖L1(H))
−1.
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In other words, under the condition on initial data F 0s ∈ L
1(Hs)
lim
ǫ→0
∥∥ǫsF 0s (1, . . . , s)−
s∏
j=1
f 01 (j)
∥∥
L1(Hs)
= 0,
on finite time interval for solution (77) of the quantum BBGKY hierarchy it holds
lim
ǫ→0
∥∥ǫsFs(t, 1, . . . , s)− s∏
j=1
f1(t, j)
∥∥
L1(Hs)
= 0,
where the one-particle limiting density operator f1(t, 1) is determined by series (131) which is
a solution of the Cauchy problem (132)-(133) of the Vlasov quantum kinetic equation.
In case of pure states, i.e. if the limit one-particle density operator f1(t) = |ψt〉〈ψt| is a
one-dimensional projector onto a unit vector |ψt〉, we have
lim
ǫ→0
∥∥ ǫsFs(t)− |ψt〉〈ψt|⊗s ∥∥L1(Hs) = 0,
where |ψt〉 is a solution of the Hartree equation, which in terms of the kernel f1(t, q, q′) =
ψ(t, q)ψ(t, q′) of the marginal operator f1(t) has the form
i
∂
∂t
ψ(t, q) = −
1
2
∆qψ(t, q) +
∫
dq′Φ(q − q′)|ψ(t, q′)|2ψ(t, q).
If the kernel of the interaction potential is the Dirac measure Φ(q) = δ(q), then we derive the
cubic nonlinear Schro¨dinger equation
i
∂
∂t
ψ(t, q) = −
1
2
∆qψ(t, q) + |ψ(t, q)|
2ψ(t, q).
We observe that in the general case of many-body potentials with the scaled Hamiltonian
Hn =
n∑
i=1
K(i) +
n∑
k=2
ǫk−1
n∑
i1<...<ik=1
Φ(k)(i1, . . . , ik), (142)
the Hartree equation takes on form
i
∂
∂t
ψ(t, q1) = −
1
2
∆q1ψ(t, q1) +
+
∞∑
n=1
1
n!
∫
dq2 . . . dqn+1Φ
(n+1)(q1, . . . , qn+1)
n+1∏
i=2
|ψ(t, qi)|
2ψ(t, q1).
We note also that in case of many-particle systems obeying quantum statistics statement
(136) is true for operators from the corresponding spaces L1(H±s ). For initial data satisfying a
chaos property
f (c) ≡ (f 01 (1), . . . ,S
±
s
∏s
i=1
f 01 (i), . . .),
where the operator S±s is defined by (2), the Vlasov quantum kinetic equation has the form
d
dt
f1(t, 1) = −N (1)f1(t, 1) + Tr2(−Nint(1, 2))S
±
2 f1(t, 1)f1(t, 2),
and consequently for pure states of fermions we derive the Hartree-Fock equation.
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6.3 On a mean field asymptotics of dynamics of correlations
We give some comments on the existence of mean field scaling limits of the constructed solution.
The mean field limit gs(t, 1, . . . , s), s ≥ 1, of marginal correlation operators (101) exists
lim
ǫ→0
∥∥ǫsGs(t)− gs(t)∥∥L1(Hs) = 0, s ≥ 1,
provided that
lim
ǫ→0
∥∥ǫsG0s − g0s∥∥L1(Hs) = 0, s ≥ 1, (143)
and it is governed by the nonlinear Vlasov quantum hierarchy
∂
∂t
gs(t, Y ) =
∑
i∈Y
(−N (i))gs(t, Y ) + Trs+1
∑
i∈Y
(−Nint(i, s+ 1))× (144)
×
(
gs+1(t, Y, s+ 1) +
∑
P : (Y, s+ 1) = X1
⋃
X2,
i ∈ X1; s+ 1 ∈ X2
g|X1|(t, X1)g|X2|(t, X2)
)
,
where we use the same notations as for hierarhy (92).
If initial data satisfies chaos property, then we establish
lim
ǫ→0
∥∥ǫsGs(t)∥∥L1(Hs) = 0, s ≥ 2, (145)
since solution expansions (97) for marginal correlation operators are defined by the (s+ n)th-
order cumulants as contrasted to solution expansions (77) for marginal density operators which
defined by the (1 + n)th-order cumulants and in the same way as statement (140) the equality
holds
lim
ǫ→0
∥∥ 1
ǫn
As+n(−t, 1, . . . , s+ n)fs+n
∥∥
L1(Hs+n)
= 0.
In the case of s = 1 provided that (143) we have
lim
ǫ→0
∥∥ǫG1(t)− g1(t)∥∥L1(H) = 0,
where for finite time interval the limiting one-particle marginal correlation operator g1(t, 1) is
given by the norm convergent on the space L1(H) series
g1(t, 1) = (146)
=
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtnTr2,...,n+1G1(−t+ t1, 1)(−Nint(1, 2))
2∏
j1=1
G1(−t1 + t2, j1) . . .
. . .
n∏
in=1
G1(−tn + tn, in)
n∑
kn=1
(−Nint(kn, n + 1))
n+1∏
jn=1
G1(−tn, jn)
n+1∏
i=1
g01(i),
which obviously coincides with iteration series (131) of the Vlasov quantum kinetic equation.
In view of the validity of limit (145) from the Vlasov nonlinear quantum hierarchy (144) we also
conclude that limit one-particle marginal correlation operator (146) is governed by the Cauchy
problem of the Vlasov quantum kinetic equation (132)-(133).
Therefore the Vlasov nonlinear quantum hierarchy (144) describes the evolution of initial
correlations.
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6.4 On scaling limits of the generalized quantum kinetic equation
In this section we consider the relationship of the specific quantum kinetic equations with
the generalized quantum kinetic equation. First we construct the mean field (self-consistent
field) asymptotics of solution (110) of initial-value problem of the generalized quantum kinetic
equation for a system with the Hamiltonian (121), i.e.
d
dt
F1(t, 1) = −N (1)F1(t, 1) + (147)
+εTr2(−Nint(1, 2))
∞∑
n=0
1
n!
Tr3,...,n+2V1+n(t, {1, 2}, 3, . . . , n + 2)
n+2∏
i=1
F1(t, i),
F1(t, 1)|t=0 = F
0
1 (1), (148)
and marginal correlation functionals (115).
If there exists the mean field limit f 01 ∈ L
1(H) of initial data (148) in the following sense
lim
ǫ→0
∥∥ǫ F 01 − f 01∥∥L1(H) = 0,
then for arbitrary finite time interval there exists the limit f1(t) of solution (110) of the gener-
alized quantum kinetic equation (147)
lim
ǫ→0
∥∥ǫ F1(t)− f1(t)∥∥L1(H1) = 0, (149)
where the one-particle limiting density operator f1(t, 1) is determined by series (131) which is
a strong solution of the Cauchy problem of the Vlasov quantum kinetic equation
d
dt
f1(t, 1) = −N (1)f1(t, 1) + Tr2(−Nint)(1, 2)f1(t, 1)f1(t, 2),
f1(t)|t=0 = f
0
1 .
Taking into account equality (149), for marginal functionals of the state (106) we establish
lim
ǫ→0
∥∥ǫsFs(t, Y | F1(t))− s∏
j=1
f1(t, j)
∥∥
L1(Hs)
= 0,
where f1(t) is defined by series (131). This equality means that in the mean field scaling limit
initial chaos property preserves in time.
The validity of this limit statement is the consequence of formulas (139) and (140) on an
asymptotic perturbation of cumulants of groups and definition (105) of the generated evolution
operators V1+n(t), n ≥ 0, of marginal functionals of the state (106). Indeed, if fs ∈ L1(Hs),
then the equality is correct
lim
ǫ→0
∥∥(Ĝs(t, Y )− I)fs∥∥
L1(Hs)
= 0.
Further for the first-order generated evolution operator V1(t, {Y }) the following equality holds
lim
ǫ→0
∥∥(V1(t, {Y })− I)fs∥∥L1(Hs) = 0,
Theory of quantum evolution equations 54
for any finite time interval, and in the general case n ≥ 1, we have
lim
ǫ→0
∥∥ 1
ǫn
V1+n(t, {Y }, X \ Y )fs+n
∥∥
L1(Hs+n)
= 0.
According to this formula on an asymptotic perturbation of evolution operators (105), we
establish the mean field asymptotics of marginal correlation functionals (115)
lim
ǫ→0
∥∥ǫsGs(t, Y | F1(t))∥∥L1(Hs) = 0, s ≥ 2.
In case of initial states involving correlations for evolution operators (118) in the mean field
limit the equality holds
lim
ǫ→0
∥∥G1+n(t, {Y }, s+ 1, . . . , s+ n)fs+n∥∥L1(Hs+n) = 0, n ≥ 1,
and in case of the first-order generated evolution operator (118) we have respectively
lim
ǫ→0
∥∥(G1(t, {Y })− s∏
i1=1
G1(−t, i1)h1({Y })
s∏
i2=1
G1(t, i2)
)
fs
∥∥
L1(Hs)
= 0.
Thus, the mean field asymptotics of marginal functionals (115) has the form
lim
ǫ→0
∥∥ǫsFs(t, Y | F1(t))− s∏
i1=1
G1(−t, i1)h1({Y })
s∏
i2=1
G1(t, i2)
s∏
j=1
f1(t, j)
∥∥
L1(Hs)
= 0,
that means the propagation of initial correlations in time in the mean field limit, and the limit
one-particle density operator satisfies the modified Vlasov quantum kinetic equation
d
dt
f1(t, 1) = −N (1)f1(t, 1) + (150)
+Tr2(−Nint)(1, 2)
2∏
i1=1
G1(−t, i1)h1({1, 2})
2∏
i2=1
G1(t, i2)f1(t, 1)f1(t, 2).
If the kernel of the interaction potential is the Dirac measure Φ(q) = δ(q), then the sufficient
equation for the description of pure state evolution governed by kinetic equation (150) is the
Gross-Pitaevskii-type equation
i
∂
∂t
ψ(t, q) = −
1
2
∆qψ(t, q) +
∫
dq′dq′′b(t, q, q; q′, q′′)ψ(t, q′′)ψ∗(t, q)ψ(t, q′),
where the coupling ratio b(t, q, q; q′, q′′) is the kernel of the scattering amplitude operator∏2
i1=1
G1(−t, i1)b1({1, 2})
∏2
i2=1
G1(t, i2). Observing that in the kinetic (macroscopic) scale of
the variation of variables the groups of operators (7) of finitely many particles depend on mi-
croscopic time variable ε−1t, where ε ≥ 0 is a scale parameter, the dimensionless marginal
functionals of the state are represented in the form: Fs
(
ε−1t, Y | F1(t)
)
. Then in the limit
ε→ 0 we obtain the Markovian kinetic evolution with the coefficient b(∞, q, q; q′, q′′).
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7 Conclusion and outlook
The concept of cumulants (61) of the groups of operators forms the basis of the nonperturbative
solution expansions for hierarchies of quantum evolution equations, namely the dual quantum
BBGKY hierarchy for marginal observables (57), the quantum BBGKY hierarchy for marginal
density operators (73), the von Neumann hierarchy (33) for correlation operators and the
nonlinear quantum BBGKY hierarchy for marginal correlation operators (92), and as well
as it underlies of the kinetic evolution (103). The nonperturbative hierarchy solutions are
represented in the form of an expansion over the particle clusters which evolution is governed
by the corresponding order cumulant (61) of the groups of operators (7) of the Heisenberg
equations (4) or the groups of operators (15) of the von Neumann equations (11).
We emphasize that intensional Banach spaces for the description of states of infinite-particle
systems, which are suitable for the description of the kinetic evolution or equilibrium states,
are different from the exploit spaces [1], [4]. Thus, marginal density operators or correlation
operators from the space L1(FH) describe finitely many quantum particles. In order to describe
the evolution of infinitely many particles we have to construct solutions for initial data from
more general Banach spaces than the space of sequences of trace class operators. For example,
it can be the space of sequences of bounded translation invariant operators which contains the
marginal density operators of equilibrium states [4]. In that case every term of the solution
expansion (77) of the quantum BBGKY hierarchy or the nonlinear quantum BBGKY hierarchy
(101) and correspondingly the generalized quantum kinetic equation (110) as well as mean-value
functional (54) in case of the dual quantum BBGKY hierarchy (63) contains the divergent
traces, which can be renormalized due to the cumulant structure of the solution expansions.
The origin of the microscopic description of non-equilibrium correlations of Bose and Fermi
many-particle systems was considered in section 3. For the correlation operators that give
an alternative description of the quantum state evolution of Bose and Fermi many-particle
systems, the von Neumann hierarchy of nonlinear evolution equations (53) was introduced. In
particular, it was established that in case of absence of correlations in the system at initial
time, the correlations generated by the dynamics of a system (38) are completely determined
by cumulants (39) of the groups of operators (15) of the von Neumann equations.
The links of constructed solution of the von Neumann hierarchy both with the solution of
the quantum BBGKY hierarchy (72) and with the nonlinear quantum BBGKY hierarchy for
marginal correlation operators (89) were discussed. The cumulant structure of solution (44) of
the von Neumann hierarchy (53) induces the cumulant structure of solution expansions both
the initial-value problem of the nonlinear quantum BBGKY hierarchy for marginal correlation
operators (101) and the quantum BBGKY hierarchy for marginal density operators (77). Thus,
the dynamics of infinite-particle systems is generated by the dynamics of correlations. We note
that along with the definition within the framework of the non-equilibrium grand canonical
ensemble the marginal density operators can be defined within the framework of dynamics of
correlations (72) that allows to give the rigorous meaning to the states for more general classes
of operators than trace-class operators.
We remark that the rigorous results on the evolution equations in functional derivatives for
generating functionals of states and observables of classical many-particle systems, namely the
BBGKY hierarchy and the dual BBGKY hierarchy in functional derivatives respectively, are
presented in [45].
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We developed also an approach to a description of the evolution of states by means of the
quantum kinetic equations. It was demonstrated that in fact, if initial data is completely
defined by a one-particle density operator, then all possible states of infinite-particle systems
at arbitrary moment of time can be described within the framework of a one-particle density
operator without any approximations. In other words, for mentioned states the evolution of
states governed by the quantum BBGKY hierarchy (73) can be completely described by the
generalized quantum kinetic equation (103). It should be emphasized that the kinetic evolution
is an inherent property of infinite-particle systems. In spite of the fact that in terms of a one-
particle marginal density operator from the space of trace-class operators can be described a
system with the finite average number of particles, the generalized quantum kinetic equation
has been derived on the basis of the formalism of nonequilibrium grand canonical ensemble
since its framework is adopted to the description of infinite-particle systems in suitable Banach
spaces as well.
We note that constructed marginal functionals of the state (106) or (115) characterize the
correlations of states of quantum many-particle systems. Owing to that from macroscopic point
of view the evolution of many-particle states with the minimal dispersion is the Markovian ki-
netic evolution, then from microscopic point of view such evolution is characterized by marginal
correlation functionals (115) which equal to zero.
An approach to the description of kinetic evolution of quantum many-particle systems in
terms of the evolution of marginal observables is also developed. In the mean field limit the
evolution of marginal observables is governed by the dual quantum Vlasov hierarchy (125). One
of the advantages of such approach as well as developed approach of the generalized quantum
kinetic equation (103) is the possibility to construct the kinetic equations in scaling limits
in case of the presence of correlations at initial time (150), for instance, correlations which
characterize the condensate states of particles [3].
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